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Preface

This volume contains a selection of papers from the Joint ERCIM/CologNet
Workshop on Constraint Solving and Constraint Logic Programming, held at
the Cork Constraint Computation Centre from the 19th to the 21st of June
2002. The workshop co-located two events: the seventh meeting of the ERCIM
Working Group on Constraints, co-ordinated by Krzysztof Apt, and the first
annual workshop of the CologNet Area for Constraint and Logic Programming,
co-ordinated by Francesca Rossi.

The aim of this workshop was to provide a forum where researchers in con-
straint processing could meet in an informal setting and discuss their most recent
work. The Cork Constraint Computation Centre was chosen as the venue for the
workshop because it is a new research centre, supported by Science Foundation
Ireland and led by Eugene Freuder, which is entirely devoted to studying con-
straint processing. Thus, the workshop participants had an opportunity to see
the centre, meet its members and investigate the potential for future collabora-
tion.

Amongst the topics addressed by the papers in this volume are: verification
and debugging of constraint logic programs; modelling and solving CSPs; expla-
nation generation; inference and consistency processing; SAT and 0/1 encodings
of CSPs; soft constraints and constraint relaxation; real-world applications; and
distributed constraint solving.

I would like to acknowledge the reviewers for their assistance in evaluating
submissions for inclusion in this volume. I wish to thank the ERCIM Working
Group on Constraints, the CologNet Area for Constraint and Logic Program-
ming, and the Cork Constraint Computation Centre for sponsoring this event by
covering all the local expenses and supporting the participation of several Ph.D.
students.

January 2003 Barry O’Sullivan
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CGRASS: A System for Transforming Constraint Satisfaction Problems . 15
Alan M. Frisch, Ian Miguel, Toby Walsh

Interchangeability in Soft CSPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Stefano Bistarelli, Boi Faltings, Nicoleta Neagu

Towards Automated Reasoning on the Properties of
Numerical Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

Lucas Bordeaux, Eric Monfroy, Frédéric Benhamou

Domain-Heuristics for Arc-Consistency Algorithms . . . . . . . . . . . . . . . . . . . . 62
Marc R.C. van Dongen

Computing Explanations and Implications in
Preference-Based Configurators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

Eugene C. Freuder, Chavalit Likitvivatanavong, Manuela Moretti,
Francesca Rossi, Richard J. Wallace

Constraint Processing Offers Improved Expressiveness and
Inference for Interactive Expert Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

James Bowen

A Note on Redundant Rules in Rule-Based Constraint Programming . . . . 109
Sebastian Brand

A Study of Encodings of Constraint Satisfaction Problems with
0/1 Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Patrick Prosser, Evgeny Selensky

A Local Search Algorithm for Balanced Incomplete Block Designs . . . . . . 132
Steven Prestwich

The Effect of Nogood Recording in DPLL-CBJ SAT Algorithms . . . . . . . . 144
Inês Lynce, João Marques-Silva

POOC – A Platform for Object-Oriented Constraint Programming . . . . . . 159
Hans Schlenker, Georg Ringwelski



X Table of Contents

A Coordination-Based Framework for Distributed Constraint Solving . . . . 171
Peter Zoeteweij

Visopt ShopFloor: Going Beyond Traditional Scheduling . . . . . . . . . . . . . . . 185
Roman Barták

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201



Abstract Verification and Debugging of
Constraint Logic Programs

Manuel Hermenegildo, Germán Puebla, Francisco Bueno, and
Pedro López-Garćıa

Department of Computer Science
Technical University of Madrid (UPM)

{herme,german,bueno,pedro}@fi.upm.es

(Extended Abstract)

Keywords: Global Analysis, Debugging, Verification, Constraint Logic Pro-
gramming, Optimization, Parallelization, Abstract Interpretation.

1 Background

The technique of Abstract Interpretation [13] has allowed the development of
sophisticated program analyses which are provably correct and practical. The
semantic approximations produced by such analyses have been traditionally ap-
plied to optimization during program compilation. However, recently, novel and
promising applications of semantic approximations have been proposed in the
more general context of program verification and debugging [3,10,7].

In the case of Constraint Logic Programs (CLP), a comparatively large
body of approximation domains, inference techniques, and tools for abstract
interpretation-based semantic analysis have been developed to a powerful and
mature level (see, e.g., [28,9,21,6,22,24] and their references). These systems can
approximate at compile-time a wide range of properties, from directional types
to variable independence, determinacy or termination, always safely, and with a
significant degree of precision.

Our proposed approach takes advantage, within the context of program ver-
ification and debugging, of these significant advances in static program analysis
techniques and the resulting concrete tools, which have been shown useful for
other purposes such as optimization, and are thus likely to be present in com-
pilers. This is in contrast to using traditional proof-based methods (e.g., for the
case of CLP, [1,2,15,19,34]), developing new tools and procedures (such as spe-
cific concrete [4,17,18] or abstract [10,11] diagnosers and declarative debuggers),
or limiting error detection to run-time checking (e.g., [34]).

2 An Approach Based on Semantic Approximations

We now briefly describe the basis of our approach [7,25,31]. We consider the
important class of semantics referred to as fixpoint semantics. In this setting, a

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 1–14, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



2 M. Hermenegildo et al.

Table 1. Set theoretic formulation of verification problems

Property Definition
P is partially correct w.r.t. I [[P ]] ⊆ I
P is complete w.r.t. I I ⊆ [[P ]]
P is incorrect w.r.t. I [[P ]] �⊆ I
P is incomplete w.r.t. I I �⊆[[P ]]

(monotonic) semantic operator (which we refer to as SP ) is associated with each
program P . This SP function operates on a semantic domain which is generally
assumed to be a complete lattice or, more generally, a chain complete partial
order. The meaning of the program (which we refer to as [[P ]]) is defined as the
least fixpoint of the SP operator, i.e., [[P ]] = lfp(SP ). A well-known result is
that if SP is continuous, the least fixpoint is the limit of an iterative process
involving at most ω applications of SP and starting from the bottom element of
the lattice.

Both program verification and debugging compare the actual semantics of
the program, i.e., [[P ]], with an intended semantics for the same program, which
we denote by I. This intended semantics embodies the user’s requirements, i.e.,
it is an expression of the user’s expectations. In Table 1 we define classical
verification problems in a set-theoretic formulation as simple relations between
[[P ]] and I.

Using the exact actual or intended semantics for automatic verification and
debugging is in general not realistic, since the exact semantics can be only par-
tially known, infinite, too expensive to compute, etc. An alternative and interest-
ing approach is to approximate the semantics. This is interesting, among other
reasons, because a well understood technique already exists, abstract interpre-
tation, which provides safe approximations of the program semantics. Our first
objective is to present the implications of the use of approximations of both the
intended and actual semantics in the verification and debugging process.

2.1 Approximating Program Semantics

We start by recalling some basic concepts from abstract interpretation. In this
technique, a program is interpreted over a non-standard domain called the ab-
stract domain Dα which is simpler than the concrete domain D, and the seman-
tics w.r.t. this abstract domain, i.e., the abstract semantics of the program is
computed (or approximated) by replacing the operators in the program by their
abstract counterparts.

The concrete and abstract domains are related via a pair of monotonic map-
pings: abstraction α : D �→ Dα, and concretization γ : Dα �→ D, which relate the
two domains by a Galois insertion (or a Galois connection) [13]. We will denote
by [[P ]]α the result of abstract interpretation for a program P . Typically, abstract
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interpretation guarantees that [[P ]]α is an over-approximation of the abstract se-
mantics of the program itself, α([[P ]]). Thus, we have that [[P ]]α ⊇ α([[P ]]), which
we will denote as [[P ]]α+ . Alternatively, the analysis can be designed to safely
under-approximate the actual semantics, and then we have that [[P ]]α ⊆ α([[P ]]),
which we denote as [[P ]]α− .

2.2 Abstract Verification and Debugging

The key idea in our approach is to use the abstract approximation [[P ]]α directly
in verification and debugging tasks. As we will see, the possible loss of accu-
racy due to approximation prevents full verification in general. However, and
interestingly, it turns out that in many cases useful verification and debugging
conclusions can still be derived by comparing the approximations of the actual
semantics of a program to the (also possibly approximated) intended semantics.

A number of approaches have already been proposed which make use to
some extent of abstract interpretation in verification and/or debugging tasks.
Abstractions were used in the context of algorithmic debugging in [27]. Abstract
interpretation for debugging of imperative programs has been studied by Bour-
doncle [3], and for the particular case of algorithmic debugging of logic programs
by Comini et al. [12] (making use of partial specifications) and [10].

In our approach we actually compute the abstract approximation [[P ]]α of
the actual semantics of the program [[P ]] and compare it directly to the (also
approximate) intention (which is given in terms of assertions [30]), following
almost directly the scheme of Table 1. This approach can be very attractive
in programming systems where the compiler already performs such program
analysis in order to use the resulting information to, e.g., optimize the generated
code. I.e., in these cases the compiler will compute [[P ]]α anyway.

For now, we assume that the program specification is given as a semantic
value Iα ∈ Dα. Comparison between actual and intended semantics of the pro-
gram is most easily done in the same domain, since then the operators on the
abstract lattice, that are typically already defined in the analyzer, can be used
to perform this comparison. Thus, for comparison we need in principle α([[P ]]).
Using abstract interpretation, we can usually only compute instead [[P ]]α, which
is an approximation of α([[P ]]). Thus, it is interesting to study the implications
of comparing Iα and [[P ]]α.

In Table 2 we propose (sufficient) conditions for correctness and completeness
w.r.t. Iα, which can be used when [[P ]] is approximated. Several instrumental
conclusions can be drawn from these relations.

Analyses which over-approximate the actual semantics (i.e., those denoted as
[[P ]]α+), are specially suited for proving partial correctness and incompleteness
with respect to the abstract specification Iα. It will also be sometimes possible
to prove incorrectness in the extreme case in which the semantics inferred for
the program is incompatible with the abstract specification, i.e., when [[P ]]α+ ∩
Iα = ∅. We also note that it will only be possible to prove completeness if the
abstraction is precise, i.e., [[P ]]α = α([[P ]]). According to Table 2 only [[P ]]α− can



4 M. Hermenegildo et al.

Table 2. Validation problems using approximations

Property Definition Sufficient condition
P is partially correct w.r.t. Iα α([[P ]]) ⊆ Iα [[P ]]α+ ⊆ Iα

P is complete w.r.t. Iα Iα ⊆ α([[P ]]) Iα ⊆ [[P ]]α−
P is incorrect w.r.t. Iα α([[P ]]) �⊆ Iα [[P ]]α− �⊆ Iα, or

[[P ]]α+ ∩ Iα = ∅ ∧ [[P ]]α �=∅
P is incomplete w.r.t. Iα Iα �⊆α([[P ]]) Iα �⊆[[P ]]α+

be used to this end, and in the case we are discussing [[P ]]α+ holds. Thus, the
only possibility is that the abstraction is precise.

On the other hand, if analysis under-approximates the actual semantics, i.e.,
in the case denoted [[P ]]α− , it will be possible to prove completeness and incor-
rectness. In this case, partial correctness and incompleteness can only be proved
if the analysis is precise.

If analysis information allows us to conclude that the program is incorrect
or incomplete w.r.t. Iα, an (abstract) symptom has been found which ensures
that the program does not satisfy the requirement. Thus, debugging should be
initiated to locate the program construct responsible for the symptom.

More details about the theoretical foundation of our approach can be found
in [7,31].

3 A Practical Framework and Its Implementation

Using the ideas outlined above, we have developed a framework [25,29] capable
of combined static and dynamic validation, and debugging for CLP programs,
using semantic approximations, and which can be integrated in an advanced
program development environment comprising a variety of co-existing tools [16].

This framework has been implemented as a generic preprocessor composed of
several tools. Figure 1 depicts the overall architecture of the system. Hexagons
represent the different tools involved and arrows indicate the communication
paths among the different tools.

Program verification and detection of errors is first performed at compile-time
by using the sufficient conditions shown in Table 2. I.e., by inferring properties
of the program via abstract interpretation-based static analysis and comparing
this information against (partial) specifications written in terms of assertions.
Such assertions are linguistic constructions which allow expressing properties of
programs.

Classical examples of assertions are type declarations (e.g., in the context of
(C)LP those used by [26,32,5]). However, herein we are interested in supporting
a much more powerful setting in which assertions can be of a much more general
nature, stating additionally other properties, some of which cannot always be
determined statically for all programs. These properties may include properties
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:- false

:- check

:- checked
PREPROCESSOR

Info

semantic
comp-time run-time

system

error

user
run-time
error

output

Program
+

RT tests

Inspection

Syntax
checker

RT tests
Annotator

Assertion
Normalizer
& Lib Itf.

:- entry

Analysis

Diagnosis
Interactive

error/warning

warning
error/
syntax

Program

Comparator

:- check

Builtins/
Libs

Static
Analysis

...System
CLP

Fig. 1. Architecture of the Preprocessor

defined by means of user programs and extend beyond the predefined set which
may be natively understandable by the available static analyzers. Also, in the
proposed framework only a small number of (even zero) assertions may be present
in the program, i.e., the assertions are optional. In general, we do not wish to limit
the programming language or the language of assertions unnecessarily in order
to make the validity of the assertions statically decidable (and, consequently,
the proposed framework needs to deal throughout with approximations). We
also propose a concrete language of assertions which allows writing this kind of
(partial) specifications for CLP [30].

The assertion language is also used by the preprocessor to express both the
information inferred by the analysis and the results of the comparisons performed
against the specifications.1 As can be derived from Table 2, these comparisons
can result in proving statically (i.e., at compile-time) that the assertions hold
(i.e., they are validated) or that they are violated, and thus bugs have been
detected. User-provided assertions (or parts of assertions) which cannot be stat-
ically proved nor disproved are optionally translated into run-time tests. Both
the static and the dynamic checking are provably safe in the sense that all errors
flagged are definite violations of the specifications.

The practical usefulness of the framework is illustrated by what is arguably
the first and most complete implementation of these ideas: CiaoPP,2 the Ciao
system preprocessor [29,24]. Ciao is a public-domain, next-generation constraint
logic programming system, which supports ISO-Prolog, but also, selectively for
each module, extensions and restrictions such as, for example, pure logic pro-
gramming, constraints, functions, objects, or higher-order. Ciao is specifically

1 Interestingly, the assertions are also quite useful for generating documentation au-
tomatically (see [23]).

2 A demonstration of the system was performed at the meeting.
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designed to a) be highly extensible and b) support modular program analysis,
debugging, and optimization. The latter tasks are performed in an integrated
fashion by CiaoPP.

CiaoPP, which incorporates analyses developed by several groups in the LP
and CLP communities, uses abstract interpretation to infer properties of pro-
gram predicates and literals, including types, modes and other variable instanti-
ation properties, constraint independence, non-failure, determinacy, bounds on
computational cost, bounds on sizes of terms in the program, etc. It processes
modules separately, performing incremental analysis. CiaoPP can find errors at
compile-time (or perform partial verification) by checking how programs call sys-
tem libraries. This is possible since the expected behaviour of system predicates
is also given in terms of assertions This allows detecting errors in user programs
even if they contain no assertions. Also, the preprocessor can detect errors as
well by checking the assertions present in the program or in other modules used
by the program. As already mentioned, assertions are completely optional. Nev-
ertheless, if the program is not correct, the more assertions are present in the
program the more likely it is for errors to be automatically detected. Thus, for
those parts of the program which are potentially buggy or for parts whose cor-
rectness is crucial, the programmer may decide to invest more time in writing
assertions than for other parts of the program which are more stable. In addition,
CiaoPP also performs program transformations and optimizations such as mul-
tiple abstract specialization, parallelization (including granularity control), and
inclusion of run-time tests for assertions which cannot be checked completely at
compile-time.

Finally, the implementation of the preprocessor is generic in that it can be
easily customized to different CLP systems and dialects and in that it is designed
to allow the integration of additional analyses in a simple way. As a particularly
interesting example, the preprocessor has been adapted for use with the CHIP
CLP(FD) system. This has resulted in CHIPRE, a preprocessor for CHIP which
has been shown to detect non-trivial programming errors in CHIP programs. In
the next section we show an example of a debugging session with CHIPRE. More
information on the system can be found in [29].

4 A Sample Debugging Session with CHIPRE

In this section we will show some of the capabilities of our debugging framework
through a sample session with CHIPRE, an implemented instance of the frame-
work. Consider Figure 2, which contains a tentative version of a CHIP program
for solving the ship scheduling problem, a typical CLP(FD) benchmark.

Often, the results of static analysis are good indicators of bugs, even if no
assertion is given. This is because “strange” results often correspond to bugs. An
important observation is that plenty of static analyses, such as modes and regular
types, compute over-approximations of the success sets of predicates. Then, if
such an over-approximation corresponds to the empty set then this implies that
such predicate never succeeds. Thus, unless the predicate is dead-code, this often
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solve(Upper,Last,N,Dis,Mis,L,Sis):-
length(Sis, N),
Sis :: 0..Last,
Limit :: 0..Upper,
End :: 0..Last,
set_precedences(L, Sis, Dis),
cumulative(Sis, Dis, Mis, unused, unsed, Limit, End, unused),
min_max(labeling(Sis), End).

labeling([]).
labeling([H|T]):-

delete(X,[H|T],R,0,most_constrained),
indomain(X),
labeling(R).

set_precedences(L, Sis, Dis):-
Array_starts=..[starts|Sis], % starts(S1,S2,S3,...)
Array_durations=..[durations|Dis], % durations(D1,D2,D3,...)
initialize_prec(L,Array_starts),
set_pre_lp(l, array_starts, Array_durations).

set_pre_lp([], _, _).
set_pre_lp([After#>=Before|R], Array_starts, Array_durations):-

arg(After, Array_starts, S2),
arg(Before, Array_starts, S1),
arg(Before, Array_durations, D1),
S2 #>= S1 + D1,
set_pre_lp(R, Array_starts, array_durations).

initialize_prec(_,_).

Fig. 2. A tentative ship program in CHIP

indicates that the code for the predicate is erroneous since every call either fails
finitely (or raises an error) or loops. If analysis is goal-dependent and thus also
computes an over-approximation of the calling states to the predicate, predicates
which are dead-code can often be identified by having an over-approximation of
the calling states which corresponds to the empty set.

We now preprocess the current version of our example program using regu-
lar type [35,14,21,20,33] analysis. Our implementation of regular types is goal-
dependent and thus computes over-approximations of both the success set and
calling states of all predicates. In addition, our analysis also computes over-
approximations of the values of variables at each program point. Once analysis
information is available, the preprocessor automatically checks the consistency
of the analysis results and we get the following messages:
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WARNING: Literal set_precedences(L, Sis, Dis)
at solve/7/1/5 does not succeed!

WARNING: Literal set_pre_lp(l, array_starts, Array_duration)
at set_precedences/3/1/4 does not succeed!

The first warning message refers to a literal (in particular, the 5th literal in
the 1st clause of solve/7) which calls the predicate set precedences/3, whose
success type is empty. Also, even if the success type of a predicate is not empty,
i.e., there may be some calls which succeed, it may be possible to detect that
at a certain program point the given call to the predicate cannot succeed be-
cause the type of the particular call is incompatible with the success type of
the predicate. This is the reason for the second warning message. Note that
this kind of reasoning can only be made if (1) the static analysis used infers
properties which are downwards closed, i.e., once they hold they keep on be-
ing valid during forward execution and (2) analysis computes descriptions at
each program point which, as already mentioned, is the case with our regu-
lar type analysis. Note that the predicate set pre lp/3 can only succeed if
the value at the first argument is compatible with a list. However, the call
set pre lp(l, array starts, Array duration) has the constant l at the first
argument position. This is actually a bug, as the constant l should instead be the
variable L. Once we correct this bug, in subsequent preprocessing of the program
both warning messages disappear. In fact, the first one was also a consequence of
the same bug which propagated to the calling predicates of set precedences/3.

4.1 Aiding the Analyzer

In the ship program, all initial queries to the program are intended to be to the
solve predicate. However, the compiler has no way to automatically determine
this. Thus, in the absence of more information, the most general possible calls
have to be assumed for all predicates in the program.3 One way to alleviate this
is to provide entry assertion(s) which are assumed to cover all possible initial
calls to the program. Even the simplest entry declaration which can be given
for predicate solve, i.e., ‘:- entry solve/7.’, is very useful for goal-dependent
static analysis. Since it is the only entry assertion, the only calls to the rest
of the predicates in the program are those generated during computations of
solve/7. This allows analysis to start from the predicate solve/7 only, instead
of from all predicates. Reducing the number (and generality) of starting points
for goal-dependent analysis by means of entry declarations often leads to in-
creased precision and reduced analysis times. However, analysis will still make
no assumptions regarding the arguments of the calls to solve/7 since there is
no further information available. This could be improved using a more accurate
entry declaration such as the following:

3 Note that this can be partly alleviated with a strict module system such as that
of Ciao [8], in which only exported predicates of a module can be subject to initial
queries.
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:- entry solve/7 : int * int * int * list(int) * list(int) * list * term.

It gives the types of the seven arguments, and describes more precisely the valid
input data. Note that the assertion above also specifies a mode for the calling
patterns. The first three arguments are required to be instantiated to integers.
The forth and fifth must be fully instantiated to lists of integers. The sixth argu-
ment is (only) required to be instantiated to a list skeleton. Finally, the seventh
argument can be any possible term. Note that, by default, our assertion language
interprets properties in assertions as instantiation properties. However, the as-
sertion language also allows the use of compatibility properties if so desired [30].

4.2 Assertions for System Predicates

Consider a new version of the ship program, after correcting the typo involv-
ing L and introducing the (simple) entry declaration ‘:- entry solve/7.’. When
preprocessing the program the following messages are issued:

ERROR: Builtin predicate
cumulative(Sis,Dis,Mis,unused,unsed,Limit,End,unused)
at solve/7/1/6 is not called as expected (argument 5):
Called: ˆunsed
Expected: intlist_or_unused

ERROR: Builtin predicate arg(After,Array_starts,S2)
at set_pre_lp/3/2/1 is not called as expected (argument 2):
Called: ˆarray_starts
Expected: struct

Which indicate that the program is still definitely incorrect. Note that the pre-
processor could not detect this without the extra precision allowed by the entry
assertion. In error messages involving regular types, one important issue is not
to confuse term constructors with type constructors. In order to improve the
readability and conciseness of the error messages, the marker ˆ is used to dis-
tinguish terms (constants) from regular types (which represent regular sets of
terms). By default, values represent regular types. However, if they are marked
with ˆ they represent constants. In our example, intlist or unused is a type
since it is not marked with ˆ whereas ˆunsed is a constant. Note that though it
is always possible to define a regular type which contains a single constant such
as unsed and distinguish terms from types by the context in which the value ap-
pears, we opt by introducing the marker ˆ (“quote”) since in our experience this
improves readability of error messages. Note that defining such type explicitly
instead would require inventing a new name for it and providing the definition
of the type together with the error message.

Coming back to the pending error messages, the first message is due to the
fact that the constant unused has been mistakingly typed as unsed in the fifth
argument of the call to the CHIP builtin predicate cumulative/8. As indicated
in the error message, this predicate requires the fifth argument to be of type
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intlist or unused which was defined when writing assertions for the system
predicates in CHIP and which indicates that such argument must be either the
constant unused or a list of integers.

The automatic detection of this error at compile-time has been possible be-
cause the CHIP builtins have been provided with assertions that describe their
intended use. Though system predicates are in principle considered correct under
the assumption that they are called with valid input data, it is often useful to
check that they are indeed called with valid input data. In fact, existing CLP sys-
tems perform this checking at run-time. The existence of such assertions allows
checking the calls to system predicates at compile-time in addition to run-time
in CLP systems which originally do not perform compile-time checking.

In the second message we have detected that we call the CHIP builtin predi-
cate arg/3 with the second argument bound to array starts which is a constant
(as indicated by the marker ˆ) and thus of arity zero. This is incompatible with
the expected call type struct, i.e., a structure with arity strictly greater than
zero. In the current version of CHIP, this will generate a run-time error, whereas
in other systems such as Ciao and SICStus, this call would fail but would not
raise an error. Though we know the program is incorrect, the literal where the
error is flagged, arg(After, Array starts, S2) is apparently correct. We cor-
rect the first error and leave detection of the cause for the second error for later.

The different behaviour of seemingly identical builtin predicates (such as
arg/3 in the example above) in different systems further emphasizes the ben-
efits of describing builtin predicates by means of assertions. They can be used
for easily customizing static analysis for different systems, as assertions are eas-
ier to understand by naive users of the analysis than the hardwired internal
representation used in ad-hoc analyzers for a particular system.

4.3 Assertions for User-Defined Predicates

Up to now we have seen that the preprocessor is capable of issuing a good
number of error and warning messages even if the user does not provide any
check assertions (assertions that the system should check to hold). We believe
that this is very important in practice. However, adding assertions to programs
can be useful for several reasons. One is that they allow further semantic checking
of the programs, since the assertions provided encode a partial specification of
the user’s intention, against which the analysis results can be compared. Another
one is that they also allow a form of diagnosis of the error symptoms detected,
so that in some cases it is possible to automatically locate the program construct
responsible for the error.

Consider again the pending error message from the previous iteration over
the ship program. We know that the program is incorrect because (global) type
analysis tells us that the variable Array starts will be bound at run-time to the
constant array starts. However, by just looking at the definition of predicate
set pre lp it is not clear where this constant comes from. This is because the
cause of this problem is not in the definition of set pre lp but rather in that
the predicate is being used incorrectly (i.e., its precondition is violated). We thus
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introduce the following calls assertion, which describes the expected calls to
the predicate:

:- calls set_pre_lp(A,B,C): (struct(B),struct(C)).

In this assertion we require that both the second and third parameters of the
predicate, i.e., B and C are structures with arity greater than zero, since in the
program we are going to access the arguments in the structure of B and C with
the builtin predicate arg/3.

The next time our ship program is preprocessed, having added the calls
assertion, besides the pending error message of above regarding arg/3, we also
get the following one:

ERROR: false assertion at set_precedences/3/1/4
unexpected call (argument 2):
Called: ˆarray_starts
Expected: struct

This message tells us the exact location of the bug, the fourth literal of the
first clause for predicate set precedences/3. This is because we have typed the
constant array starts instead of the variable Array starts in such literal.

Thus, as shown in the example above, user-provided check assertions may
help in locating the actual cause for an error. Also, as already mentioned, and
maybe more obvious, user-provided assertions may allow detecting errors which
are not easy to detect automatically otherwise.

After correcting the bug located in the previous example, preprocessing the
program once again produces the following error message:

ERROR: false assertion at set_pre_lp/3/2/5
unexpected call (argument 3):
Called: ˆarray_durations
Expected: struct

which would not be automatically detected by the preprocessor without user-
provided assertions. The obvious correction is to replace array durations in
the recursive call to set pre lp in its second clause with Array durations.

After correcting this bug, preprocessing the program with the given assertions
does not generate any more messages. Besides, the user provided calls assertion
would have been proved by analysis.

Additionally, if some part of an assertion for a user-defined predicate has not
been proved nor disproved during compile-time checking, it can be checked at
run-time in the classical way, i.e., run-time tests are added to the program which
encode in some way the given assertions. Introducing run-time tests by hand into
a program is a tedious task and may introduce additional bugs in the program.
In the preprocessor, this is performed automatically upon user’s request.

Compile-time checking of assertions is conceptually more powerful than run-
time checking. However, it is also more complex. Since the results of compile-time
checking are valid for any query which satisfies the existing entry declarations,
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compile-time checking can be used both to detect that an assertion is violated
and to prove that an assertion holds for any valid query, i.e., the assertion is
validated. The main problem with compile-time checking is that it requires the
existence of suitable static analyses which are capable of proving the properties of
interest. For conciseness, we have shown the possibilities of our system using only
a (regular) type analysis. However, the system is generic in that any program
property (for which a suitable analysis exists in the system) can be used for
debugging. As mentioned before, currently CiaoPP can infer types, modes and
other variable instantiation properties, constraint independence, non-failure of
predicates, determinacy, bounds on computational cost, bounds on sizes of terms
in the program, and other properties.

More info: For more information, full versions of selected papers and techni-
cal reports, and/or to download Ciao and other related systems please access
http://www.clip.dia.fi.upm.es/.
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Abstract. Experts at modelling constraint satisfaction problems (CSPs) carefully
choose model transformations to reduce greatly the amount of effort that is required
to solve a problem by systematic search. It is a considerable challenge to automate
such transformations and to identify which transformations are useful. Transfor-
mations include adding constraints that are implied by other constraints, adding
constraints that eliminate symmetrical solutions, removing redundant constraints
and replacing constraints with their logical equivalents. This paper describes the
Cgrass (Constraint GenerationAnd Symmetry-breaking) system that can improve
a problem model by automatically performing transformations of these kinds. We
focus here on transforming individual CSP instances. Experiments on the Golomb
ruler problem suggest that producing good problem formulations solely by trans-
forming problem instances is, generally, infeasible. We argue that, in certain cases,
it is better to transform the problem class than individual instances and, further-
more, it can sometimes be better to transform formulations of a problem that are
more abstract than a CSP.

1 Introduction

Constraint satisfaction is a successful technology for tackling a wide variety of search
problems including resource allocation, transportation and scheduling. Constructing an
effective model of a constraint satisfaction problem (CSP) is, however, a challenging
task as new users typically lack specialised expertise. One difficulty is in identifying
transformations, which are sometimes complex, that can dramatically reduce the effort
needed to solve a problem by systematic search (see, for example, [15]). Such transfor-
mations include adding constraints that are implied by other constraints in the problem,
adding constraints that eliminate symmetrical solutions to the problem, removing redun-
dant constraints and replacing constraints with their logical equivalents. Unfortunately,
outside a highly focused domain like planning (see, for example, [6]), there has been
little research on how to perform such transformations automatically.

Our initial focus is on transforming individual CSP instances. The Cgrass system
(Constraint GeneRation And Symmetry-breaking) is described and illustrated via the
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Golomb ruler problem [15], a difficult combinatorial problem with many applications.
Our results suggest that making transformations to single problem instances alone is not
practical on large instances. This can be remedied in two ways. First, by operating on a
parameterised formulation of a problem class, which can be much more compact than
the large instances in the class. In addition, every inference made holds for all instances
of the class. A second improvement is to reason with formulations at higher levels of
abstraction. We can construct refinement rules which, when applied to abstract formula-
tions, produce effective concrete formulations. We conjecture that certain inferences will
be easier at higher levels of abstraction. Cgrass provides a basic platform to achieve
these goals. The rules we have developed form a template for creating new rules for
similar reasoning about problems and at higher levels of abstraction.

2 Architecture of Cgrass

The implementation of Cgrass discussed here takes a problem instance as input. A
problem instance consists of a finite set of domain variables, each with an associated
finite domain (either explicitly or as bounds) and constraints over these variables. Output
is created in the same simple format. Hence, very little effort is necessary to translate
Cgrass’ output into the required input for a variety of existing solvers.

Cgrass captures common patterns in the hand-transformation of constraint satisfac-
tion problems in transformation rules. A transformation rule is a condition-action pair in
the style of a production rule system (see [11], chapter 5). A rule-based architecture of-
fers several potential advantages for the task of transforming CSPs automatically. Rules
can be given very strong pre-conditions to limit the transformations to those that are
likely to produce a problem that is simpler to solve. Furthermore, rules can act at a very
high level. For example, they can perform complex rewriting, simplifications, and trans-
formations. Such steps might require long fine-grained sequences of transformations to
justify at the level of individual inference rules.

The structure of a Cgrass transformation rule can be demonstrated using an example.
Consider the following pair of constraints, where the domains of x1, x2, x3 are all {1,
. . . , 9} and the domain of y is {1, . . . , 100}:

x1 + x2 + x3 = y

allDifferent(x1, x2, x3).

Reasoning about the domains of x1, x2, x3 and the fact that they are all-different gives:

6 ≤ x1 + x2 + x3

x1 + x2 + x3 ≤ 24

Substituting these inequalities back into the original equation clearly provides stronger
bounds on y than bounds consistency alone.

The allDiffSum rule presented in Figure 1 achieves this transformation. The form
of Cgrass’ rules is adapted from the methods used to capture common proof patterns in
proof planning [2]. The condition part of the rule consists of the input and pre-condition
fields. The action part comprises the post-conditions and the add and delete lists, as
explained below.
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Name: allDiffSum
Input: algebraic(Constraint), allDifferent(Vars)

Pre-conditions: containsSimpleSum(Constraint, Sum),
SumVars = involvesVars(Sum),
supersetEq(Vars, SumVars)

Post-conditions: LB = allDiffLB(Sum),
UB = allDiffUB(Sum)

Add: LB <= Sum, Sum <= UB
Delete:

Explanation: "Given ",Sum,"such that all variables
involved are all-different, we can infer",
LB<=Sum," and ",Sum<=UB

Fig. 1. The allDiffSum method.

The input field specifies a pattern against which a subset of the constraint set must
match before the rule can be applied. Cgrass uses a rich pattern matching language
specialised to reasoning about sets of constraints. This includes the ability to restrict
matching to objects of certain types, such as a single constant or variable. Cgrass
also supports several more powerful matching instructions, such as algebraic(C)
and allAlgebraic(C), which match C with an arbitrary algebraic constraint and the
algebraic subset of the current constraint set respectively. In the example, Constraint
matches x1 + x2 + x3 = y and Vars matches {x1, x2, x3}.

Pre-conditions must be met before the post-conditions can be executed. Conditions
are composed from primitive Boolean functions, such as = (which also performs as-
signment), != (disequality) and <, as well as specialised functions which can be used
to perform more complex operations on the input constraints. The specialised functions
are written directly in Java (the native language of Cgrass), hence there is no restric-
tion as to the operations that these functions can perform. The current set of specialised
functions is readily extensible by writing new Java functions, although this does require
some knowledge of how Cgrass works internally.

In the example of Figure 1, containsSimpleSum(Constraint, Sum) unifies Sum
with a sub-term of Constraint composed of a sum with integer coefficients, i.e. x1 +
x2+x3. involvesVars(Sum) returns the list of variables involved in Sum, which must be
a subset or or equal to Vars. Finally, allDiffLB(Sum) and allDiffUB(Sum) calculate
lower and upper bounds of a sum of all-different variables by considering the bounds of
each individual variable involved. These bounds are used to add the two new constraints.

The size of the constraint set on which Cgrass operates neither increases nor de-
creases monotonically. This is because some of Cgrass’ rules add new constraints,
whereas others replace a constraint by a tighter one, or eliminate redundant constraints.
For this reason, we replace the rule ‘output’ field normally used by proof planning by
‘add’ and ‘delete’ lists as used in classical planning. Both fields contain sets of con-
straints. In the case of the delete list, each element of this set is matched against and
removed from the current constraint set.

In order for the user to see how a new model was derived, Cgrass’ rules construct
textual explanations of their application. For flexibility, sub-sections of the text can be
predicated on the state of Boolean variables local to the rule.
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2.1 Operation

Cgrass performs pure forward chaining, transforming one set of constraints into another.
Cgrass’ rules are sorted in descending order of priority. Given an input constraint set,
Cgrass iterates over the sorted rule list to find the highest priority applicable rule. This
rule is used to transform the constraint set, which is then used as input to the same
process. Currently, Cgrass terminates when none of its rules are applicable. This is
possible because of the strength of the pre-conditions attached to each rule. As the rule
database grows in size and complexity, however, this may be insufficient. At some point
the decision must be made to stop making transformations and start searching for a
solution. We may in the future have to add an executive in the style of a proof critic [10]
which terminates Cgrass when future rewards look poor.

Non-monotonicity carries with it the danger of looping. Unless a rule deletes some
of its input constraints, its preconditions continue to hold. Hence, the rule can repeatedly
fire ad infinitum. To avoid the problem Cgrass employs a history mechanism, which
maintains a record of all constraints that have been added to the constraint set. Rules are
not allowed to add a constraint which was added to the constraint set previously, even if
the constraint in question was subsequently removed. The intuition behind this approach
is that a constraint is removed either if it is redundant or it is transformed into some more
useful form. Restoring a previously removed constraint is therefore a retrograde step.

2.2 Normalisation

Cgrass transforms the constraint set into a normal form at the start of operation and any
time the constraint set is modified. The normal form used is inspired by that used in the
HartMath computer algebra system1. This enables Cgrass to deal easily with asso-
ciative and commutative operators, allowing it to test for simple syntactic equivalence
instead of semantic equivalence. Normalisation also reduces the number and complexity
of rules needed. For example, inequalities are always rearranged into the form x < y or
x ≤ y. Hence the input to a rule never has to match y > x or y ≥ x, halving the number
of rules in some cases.

We define a total order over the types of expressions that Cgrass supports. The
constraint set is transformed into a minimal state with respect to this order. Constants
are at the top of the order, followed by variables, fractions, sums and products. Further
down the order are constraint types such as equalities, disequations, inequalities and
special constraints such as ‘all-different’. Expressions of different type are ordered via
their position in the order. Expressions of the same type are ordered recursively; each
type has an associated rule of self-comparison. The base case is where two constants or
two variables are compared. In the former case, the comparison is by value, with least
first and in the latter the comparison is lexicographically by name. Sums and products
are represented in a ‘flattened’ form, hence their arguments are simply sorted using the
above comparison to maintain a lexicographic order. Similarly, the lexicographically
least side of an equation or disequation is forced to be the left hand side.

As an example, consider the following pair of constraints:

x8 + x7 �=x6 + x5

x4 ∗ 2 + x3 = 2 ∗ x1 + x2
1 http://www.hartmath.org



CGRASS: A System for Transforming Constraint Satisfaction Problems 19

Transforming them to normal form results in:

x2 + 2 ∗ x1 = x3 + 2 ∗ x4

x5 + x6 �=x7 + x8

Equality is higher in the type order than disequality, hence the re-ordering of the two con-
straints. The sums are ordered internally and recursively, then re-ordered as appropriate
to the constraint.

Simplification procedures consist of the collection of like terms, cancellation and
the removal of common factors. Consider the following example:

2 ∗ 6 ∗ x1 + 4 ∗ x2 = 6 ∗ x1 + x3 ∗ 2 ∗ 2 + 6 ∗ x1

Following lexicographical ordering, we collect the constants and occurrences of x1:

4 ∗ x2 + 12 ∗ x1 = 4 ∗ x3 + 12 ∗ x1

Next we perform cancellation:

4 ∗ x2 = 4 ∗ x3

Finally, we remove the common factor:

x2 = x3

Lexicographic ordering and simplification are interleaved until no further change is
possible. They reduce the workload of Cgrass substantially, both in providing a syntactic
test for equality and avoiding such simplification routines being written as explicit rules.
The latter saving is substantial: a larger rule base means more work in matching against
the constraint set at each iteration of the Cgrass inference loop.

3 Transformation Rules

We illustrate the transformation rules currently implemented in Cgrass via a small
instance of the Golomb ruler problem (available at http://www.csplib.org as
prob006). A Golomb ruler is a set of n ticks at integer points on a ruler of length
m such that all the inter-tick distances are unique. Given n, the problem is to minimise
m. The longest known optimal ruler has 21 marks and is of length 333. Such rulers
have practical applications in radio astronomy and X-ray crystallography [5]. Smith et
al. [14] used the Golomb ruler as the basis of an interesting exercise in modelling CSPs
and identified a number of implied constraints by hand.

We begin with a concise model of the problem with n ticks represented by variables
x1, . . . , xn, each with domain {0, . . . , n2}. Note that n2 is an empirical upper bound,
sufficient for small instances, that we use throughout. It is easy to show that 2n is a
conservative upper bound in general. Alternatively, some solvers allow domains with no
upper bound, which are suitable for this type of minimisation problem.

minimise: maxi(xi)
{(xi − xj �=xk − xl) | i, j, k, l ∈ [1, n] ∧ (i �=j) ∧ (k �=l) ∧ (i �=k ∨ j �=l)}
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The second element is a set of constraints, each element of which is input to Cgrass.
Taken literally, this is a poor model. The constraints are quaternary, and will be delayed
by most solvers. There is also a large amount of symmetry present, some of which is
discussed below. However, it serves to illustrate how Cgrass can make a substantial
improvement to a basic model.

We focus on the 3-tick ruler for the purpose of this example. The basic model produces
30 constraints. Cgrass’ initial normalisation of the constraint set immediately reduces
this number to 12. This is achieved in two ways. Firstly, constraints with reflection
symmetry across a disequation are identical following normalisation, hence only one
copy is kept. Secondly, multiple constraints can simplify to the same constraint. For
example,

x1 − x2 �=x1 − x3, and x2 − x1 �=x3 − x1

both simplify to x2 �=x3.
Hence, a large saving is made before Cgrass has performed any rule application.

Table 1 presents the formulation of the problem at this point. The ‘minimise’ statement
is omitted throughout for brevity.

Table 1. 3-tick Golomb ruler. Initial formulation following normalisation.

x1 �= x2 x1 �= x3 x2 �= x3

x1 − x2 �= x2 − x1 x1 − x2 �= x2 − x3 x1 − x2 �= x3 − x1

x1 − x3 �= x2 − x1 x1 − x3 �= x3 − x1 x1 − x3 �= x3 − x2

x2 − x1 �= x3 − x2 x2 − x3 �= x3 − x1 x2 − x3 �= x3 − x2

3.1 Symmetry Breaking

Symmetry is inherent in many CSPs. Given a set of symmetrical variables, it is possible
to permute their assignments in a (non)solution to obtain another (non)solution. This
can lead to expensive exploration of fruitless branches of the search tree. Hence, it is
important to be able to remove or reduce symmetries automatically. Cgrass does this
by adding symmetry breaking constraints. Although symmetry breaking constraints are
not implied themselves (they do not follow from the initial model), they can be useful
for generating further implied constraints. Indeed, often the most useful constraints can
be derived only after some or all symmetry has been broken. Hence, Cgrass attempts
to detect and break symmetry as a pre-processing step.

Cgrass begins by looking for symmetrical variables, i.e. pairs of variables with iden-
tical domains such that, if all occurrences of this pair in the constraint set are exchanged
and the constraint set is re-normalised, it returns to its original state. Candidate variables
with the same number of occurrences in the constraint set are first grouped together
before comparisons are made. The transitivity of symmetry is exploited to minimise the
number of pairs of variables that are compared. Efficiency is further improved by making
pairwise comparisons of normalised constraint sets.
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This process partitions the variables into symmetry classes. The elements of each
class are formed into a list, and ordered lexicographically. For each list of variables, say
x1, . . . , xn, symmetry is broken by adding the constraints

x1 ≤ x2, x2 ≤ x3, . . . , xn−1 ≤ xn

Implied inequalities, such at x1 ≤ x3, are not useful since enforcing bounds consistency
on the original set of constraints also enforces generalised arc consistency on the implied
constraint.

Symmetry testing on the 3-tick ruler reveals that the variables x1, x2 and x3 are
symmetrical. This symmetry can be broken by adding two constraints: x1 ≤ x2 and
x2 ≤ x3.

It is also possible to identify symmetries among non-atomic terms. This is potentially
an expensive process, hence Cgrass adopts a heuristic approach, only comparing terms
that are likely to be symmetrical. These heuristics are based on structural equivalence.
Two terms are structurally equivalent if they are identical when explicit variable names
in each are replaced with a common indistinguishable marker. For example,

x1

x2 ∗ x3
,

x4

x5 ∗ x6

become:
#

# ∗ #
,

#
# ∗ #

and are therefore structurally equivalent. Each pair of variables, x1 and x4, x2 and x5,
and x3 and x6 are exchanged throughout the constraint set before re-normalisation and
a check for equivalence. This process does not reveal any further symmetries in the
example problem, but is useful in general (see [8], for example).

Working from the symmetry breaking constraints above, Cgrass fires the rule
strengthenInequality, as presented in Figure 2. This is one example of a num-
ber of simple but useful rules to which Cgrass ascribes a high priority during rule
selection. Other examples are various instances of the rules nodeConsistency and
boundsConsistency which deal with the filtering of domain elements. These rules are
not only cheap to fire, but often result in a reduction in the size of the constraint set.
This promotes efficiency by leaving fewer constraints for the more complicated rules to
attempt to match against.

Indeed, the boundsConsistency rule can now fire, pruning the domains of x1, x2
and x3 according to their strict ordering. This leaves the problem in the formulation as
presented in Table 2. Clearly, x1 �=x3 is redundant. One could foresee the addition of a
relatively simple rule that takes as input a set of strict inequalities and a disequation in
order to detect and remove such a redundancy.

3.2 Introduce

The model as it stands still contains 9 quaternary constraints. One powerful means of
reducing the arity of these constraints is to introduce one or more new variables which the
eliminate rule (see below) then uses to replace sub-terms within them. Therefore, we
have developed the introduce rule, as presented in Figure 3. Since this rule introduces
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Conditions:

1. There exist two expressions, x �= y and x ≤ y

Actions:

1. Add a new constraint of the form, x < y
2. Delete x �= y and x ≤ y

Fig. 2. The strengthenInequality rule.

Table 2. Formulation following symmetry-breaking and bounds consistency.

x1 ∈ {0..7} x2 ∈ {1..8} x3 ∈ {2..9}
x1 < x2 x2 < x3 x1 �= x3

x1 − x2 �= x2 − x1 x1 − x2 �= x2 − x3 x1 − x2 �= x3 − x1

x1 − x3 �= x2 − x1 x1 − x3 �= x3 − x1 x1 − x3 �= x3 − x2

x2 − x1 �= x3 − x2 x2 − x3 �= x3 − x1 x2 − x3 �= x3 − x2

new terms, it has a potentially explosive effect. Cgrass therefore assigns it a very low
priority, only attempting to introduce new variables when all the simpler rules, which
tend to have a reductive effect, are inapplicable. In addition, complex preconditions are
attached to introduce to prevent its application unless there is strong evidence that
the new variable will be useful. First of all, we insist that the sub-term, Exp, under
consideration contains at least two variables; efficiency is unlikely to be gained if Exp
contains fewer than two variables.

Secondly, variables which occur frequently have a wider reaching effect when prop-
agation is performed on them. We require Exp to occur at least twice in the constraint
set before it can be considered for replacement by a variable. Finally, we check that
some other variable is not already defined to be equal to Exp. If these conditions are

Conditions:

1. There exists a sub-term, Exp, containing two or more variables that occurs more than
once.

2. someVariable = Exp is not already present in the constraint set.

Actions:

1. Generate a new variable, x, with domain derived from Exp.
2. Add a constraint of the form x = Exp.

Fig. 3. The introduce rule.
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met, Cgrass generates a new variable, x, calculating the bounds of its domain from the
upper and lower bounds on Exp.

The sub-term x1 − x2 in the example meets the input preconditions of introduce.
Cgrass introduces a new variable, z0, with domain {-8 .. 6} and imposes the constraint
z0 = x1 − x2. In order to make use of z0, however, the companion eliminate rule is
necessary.

3.3 Eliminate

We have developed multiple versions of eliminate, using equalities (Figure 4) and
inequalities to perform Gaussian-like elimination of a particular sub-term.

Conditions:

1. There exists a constraint Lhs = CommonExp such that CommonExp is also present in a
constraint, c, in the constraint set.

2. Constraint cnew is obtained by replacing all occurrences of CommonExp by Lhs in c.
3. The (post-normalisation) size of cnew is less than that of c.
4. cnew is not obviously redundant.

Actions:

1. Add cnew to the constraint set.
2. Remove c from the constraint set.

Fig. 4. The Eliminate(equality) rule.

To ensure that eliminate has a reductive effect, the resulting constraint must have
a smaller number of constituent terms than the original. Also, we perform simple checks
for redundancy such as, in the case of equality, the left hand side being syntactically
identical to the right hand side. Finally, when eliminating with equality the original
constraint is removed following elimination in order to avoid cluttering the constraint
set. Eliminate has a higher priority than introduce: there is no point in introducing
variables for common terms that will be eliminated anyway.

Following the introduction of z0 = x1 − x2 in the example, various instances of
eliminate can fire. For instance, eliminate(equality) can be used to substitute
z0 into a number of the quaternary disequations, reducing the complexity of each. Fur-
thermore, eliminate(inequality) eliminates x1 in favour of x2 in z0 = x1 − x2,
using x1 < x2 to give: z0 < 0. This unary constraint immediately triggers the
nodeConsistency rule, reducing the domain of z0 to {-8 .. 0}. The problem is left
in the formulation presented in Table 3.

Cgrass now introduces, and eliminates with, a further two variables, z1 = x2 − x3
and z2 = x3 − x1. This leads to the much-improved formulation presented in Table 4.
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Table 3. Formulation following introduction of and elimination with z0.

x1 ∈ {0..7} x2 ∈ {1..8} x3 ∈ {2..9}
x1 < x2 x2 < x3 x1 �= x3

z0 = x1 − x2 z0 �= x2 − x3 z0 �= x3 − x1

x1 − x3 �= x3 − x1 x1 − x3 �= x3 − x2 x1 − x3 �= −z0

x2 − x3 �= x3 − x1 x2 − x3 �= x3 − x2 x3 − x2 �= −z0

Table 4. Formulation following introduction of and elimination with z1, z2.

x1 ∈ {0..7} x2 ∈ {1..8} x3 ∈ {2..9}
x1 < x2 x2 < x3 x1 �= x3

z0 = x1 − x2 z1 = x2 − x3 z2 = x3 − x1

z0 �= z1 z0 �= z2 z1 �= z2

3.4 All-Different

One further rule available to Cgrass is genAllDiff which, as its name suggests, at-
tempts to generate an all-different constraint from a clique of not-equals constraints.
An all-different constraint is desirable because of the powerful propagation rules avail-
able for it within constraint solvers [13]. Since maximal-clique identification is an NP-
complete problem, Cgrass uses a fast approximation algorithm [1] to find a clique
quickly. Typically this is the maximal clique.

In the example, genAllDiff successfully replaces the disequations involving the z
variables with a single all-different constraint. This leads to the final problem formu-
lation, as shown in Table 5. This rule has a lower priority than introduce: waiting
for introduce to be exhausted maximises the chance of finding the largest clique of
disequations.

Table 5. Final formulation.

x1 ∈ {0..7} x2 ∈ {1..8} x3 ∈ {2..9}
x1 < x2 x2 < x3 x1 �= x3

z0 = x1 − x2 z1 = x2 − x3 z2 = x3 − x1

all-different(z0, z1, z2)

4 Results

We compared the performance of Ilog Solver to find and prove optimality on basic and
transformed models of 6 instances of the Golomb ruler problem. The transformed models
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are similar to that presented in Table 5. Results are given in Table 6 and Figure 5. The
smallest instances are so easy to solve that it is not worth the effort of transformation.
For larger instances, however, the transformed model becomes significantly easier to
solve, with the gap in performance increasing rapidly with n, the number of ticks.

The number of input constraints generated from the basic model also increases
significantly with n. Unsurprisingly, this is accompanied by a marked increase in the time
required by Cgrass to make the transformations. On the smaller instances tested, this
means that the total time for transformation and solution exceeds the time for solution of
the basic model alone. However, as n increases, the time required by Cgrass grows more
slowly than the time taken to solve the basic model. Hence, at larger (and therefore more
interesting) values of n, a net benefit is evident. Furthermore, the effects of a relatively
simple implementation are also apparent: as the size of the input grows, Cgrass’ rule
application rate quickly deteriorates. A more sophisticated implementation that avoids
repeated blind traversal of the constraint set would provide a considerable improvement
in Cgrass’ performance.

One way of overcoming the problem of overwhelming Cgrass on an input instance
with many constraints is to use it interactively. Given the final model of the 3-tick ruler, it
is not difficult for a human to see how this model could be generalised to a formulation for
the entire problem class. The comparative results of the basic and final models presented
in Table 6 indicate that the effort expended on such a process could easily be justified as
n grows larger. A machine learning tool such as HR [3] or Progol [12] might be used to
aid in the generalisation process. Some promising results in this regard are reported in
[4].

5 Transforming Problem Formulations

The previous section shows that the cost of transforming a problem instance can grow
rapidly with its size. A way around this difficulty would be to transform a formulation
of the problem rather than a formulation of an instance. Problem formulations usually
involve parameters and quantification (or set comprehension) for expressing sets of
constraints, so to automate the transformation of problem formulations we must “lift”
the Cgrass transformation rules to handle these constructs.

Table 6. Results: Golomb ruler. Hardware: 2GHz Athlon XP, 256Mb RAM. Software: Java 1.4.1,
Ilog Solver 5.2.

Ticks 3 4 5 6 7 8
Basic Model Size (constraints) 31 133 381 871 1,723 3,081

Choice-points 12 107 3,637 111,101 4,602,921 160,644,147
Solution Time 0.01s 0.01s 0.4s 12.3s 1,220s 126,000s

Grass Rule Applications 34 120 342 796 1,603 2,917
v1.0 Time 0.1s 1.3s 20s 236s 2,030s 11,600s

Transformed Choice-points 5 10 76 561 5,402 46,866
Model Time 0.01s 0.01s 0.01s 0.04s 0.2s 2.6s
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Fig. 5. Shown on a log-log scale are the run-times for solving the basic model versus combined
time of Cgrass transformation and solution of transformed model. Each point on the x axis is the
problem instance for a given n.

Direct support for quantified constraint expressions would immediately reduce the
size of the input in our Golomb ruler example. One such formulation of the problem is:

minimise: maxi(xi)
{(xi − xj �=xk − xl) | i, j, k, l ∈ [1, n] ∧ (i �=j) ∧ (k �=l) ∧ (i �=k ∨ j �=l)}

A further benefit is the ability to reason about an entire class of problems rather
than particular instances. This is clearly more efficient than repeating a large amount of
work for each instance under consideration. However, we should not abandon reasoning
about instances altogether; it is likely that some transformations will be valid only for
a particular instances of a class. Therefore, we intend to extend—rather than replace—
Cgrass’ library of transformations to support transformations at the problem level.

Following the introduction of quantified constraint expressions, some transforma-
tions remain difficult. For example, one of the key transformations made in Section 4
recognised the symmetry of the tick variables and broke this symmetry via the intro-
duction of weak inequalities. By inspection, detecting this symmetry in the quantified
formulation given above is a difficult task. Given the importance of symmetry-breaking,
we believe that it is advantageous to start with the problem represented in a significantly
more abstract language, much more abstract than, for example, OPL [16].
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5.1 Reformulating a Highly Abstract Problem Formulation

This section describes how we might reformulate an abstract description of the Golomb
ruler problem, one which is not formally a CSP, into an efficient CSP formulation for input
to a constraint solver. Such a reformulation involves two kinds of operations: refinements
that replace an abstract construct with one that is more concrete, and transformations,
such as those currently performed by Cgrass, that improve the efficiency of a formulation
but do not change its level of abstraction. As we have not yet specified rules to perform
these reformulations, our aim here is to illustrate the kind of reformulations that we plan
to embody in our rules.

We begin with a natural language description of this problem:

– Given n, put n ticks on a ruler of size m such that all the inter-tick distances are
unique. Minimise m.

We cannot expect Cgrass to work with this level of input, hence the user must make the
initial transformation shown below. We chose this formulation because it closely mimics
the natural language statement of the problem.

1. Given n find T ⊆ {0, . . . , n2} subject to:
2. Minimise max(T )
3. |T | = n
4. {distance({x, y})�=distance({x′, y′})| {x, y}⊆ T ,{x′, y′}⊆ T ,{x, y}�={x′, y′}}
5. {distance({x, y}) = |x − y| | {x, y} ⊆ T}

Note that {x, y} denotes a set of size 2 and that (5) is not part of the natural language
specification, but rather encodes user knowledge of the definition of distance.

A crucial feature of this abstract formulation is that it does not distinguish individual
ticks in the way that the xi tick variables of Section 4 do. The xi variables distinguish ticks
by saying “this is the first tick” and “this is the second tick” and so forth. Distinguishing
otherwise indistinguishable objects introduces symmetry into a problem which, for the
sake of efficiency, must then be broken. Our approach is to start with a formulation that
is sufficiently abstract that it does not distinguish otherwise indistinguishable objects. As
the formulation is refined to a CSP these objects will necessarily become distinguished
since in a CSP all objects are distinguished. Our view is that refinement rules should
introduce symmetry breaking constraints at the point they introduce symmetry, that is,
at the point they introduce distinction among otherwise indistinguishable objects.

We begin by replacing the occurrences of distance in (4) by the definition given in
(5).

6. {|x − y| �=|x′ − y′| | {x, y} ⊆ T , {x′, y′} ⊆ T , {x, y} �={x′, y′}}
Now we no longer need the definition, so we discard (5) from the formulation.

Next, we need a general refinement rule:

To refine a set variable of fixed cardinality n drawn from a set A of size m,
totally ordered by ≤, introduce a set S of n decision variables, {s1, . . . , sn}.
The domain of each si is A. Break symmetry among the si variables by adding
the constraint s1 < s2 < · · · < sn. We could also build into this the simple
bounds consistency argument by taking the domain of each si to be {Ai, . . . ,
Am−n+i}, where Ai is the ith element in the ordering of the elements of A.



28 A.M. Frisch, I. Miguel, and T. Walsh

Applying this rule results in the following problem formulation:

10. Given n, find S = {s1, s2, . . . , sn},
where each si has domain {i − 1, . . . , n2 − n + i − 1}.

11. s1 < s2 < · · · < sn

12. Minimise(max(S))
13. {|x − y| �=|x′ − y′| | {x, y} ⊆ S, {x′, y′} ⊆ S, {x, y} �={x′, y′}}

In the case of our example, a worthwhile transformation is to introduce a set of
distance variables, d{x,y}.

14. {d{x,y} = |x − y| | {x, y} ⊆ S}
This is a lifted form of the introduce rule of Section 4. We can now perform a lifted
version of eliminate; substituting (14) into (13) gives:

15. {d{x,y} �=d{x′,y′} | {x, y} ⊆ S, {x′, y′} ⊆ S, {x, y} �={x′, y′}}
It should not be difficult to notice that (15) defines a clique. A lifted version of our

all-different introduction rule would replace (15) with:

16. all-diff({d{x,y}|{x, y} ⊆ S})

At this level of abstraction we now use symmetry breaking constraint (11) to simplify
(12) to:

17. Minimise(sn)

The set of all variables x and y such that {x, y} ⊆ S is equivalent to the set of pairs
of variables x and y such that x ≺ y and x, y ∈ S, where ≺ is an arbitrary total ordering
of S. In this particular case, we choose ≺ to be defined as si ≺ sj ↔ i < j. Below we
shall see the significance of this choice. Hence, (14) and (16) can be refined to:

18. all-diff({dsi,sj |si, sj ∈ S and i < j})
19. {dsi,sj = |si − sj | | si, sj ∈ S and i < j}

Now, using (11), (19) can be simplified to

20. {dsisj = sj − si | si, sj ∈ S and i < j}
The final problem formulation is as follows.

– Given n find S={s1, s2, . . . , sn},
where each si has domain {i − 1, . . . , n2 − n + i − 1}.

– s1 < s2 < · · · < sn

– Minimise(sn)
– all-diff({dsi,sj |si, sj ∈ S and i < j})
– {dsi,sj = sj − si | si, sj ∈ S and i < j}

With n taken as three, it is equivalent to the final representation in Table 5. Symmetry
amongst the tick variables has been broken, and all-different difference variables for the
inter-tick distances have been introduced.

Working with a more abstract input language that uses sets allows us to avoid the
problem of detecting symmetry. We also retain the advantage of making valid transfor-
mations for the whole problem class. Furthermore we avoid the overwhelming size of
the input that inevitably causes slowdown when transforming naive representations of
individual instances. Refinement rules allow us to move to progressively more concrete
levels of abstraction as necessary to perform transformations at the appropriate level.
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6 Conclusions

We have described Cgrass, a system for the automatic transformation of a naive model of
a constraint satisfaction problem into one that requires significantly less effort to solve.
Cgrass adopts a rule-based architecture, transforming a model via the application of
rules which encapsulate modelling expertise. The set of rules described here should be
viewed as a representative sample. It is not complete in any sense, and we will continue
to extend it in future.

The current implementation of Cgrass is able to transform individual instances
only. Results obtained from experiments on the Golomb ruler problem suggest that
this approach is impractical in general. We have discussed the need for the ability to
reformulate problem classes, both to avoid dealing with large instances and in order that
the inferences made hold for every instance of the class. We have also argued that it is
important to reason at higher levels of abstraction. Refinement rules allow the systematic
creation of effective concrete models from abstract formulations, and we conjecture that
transformations at higher levels of abstraction will sometimes prove easier than at more
concrete levels.As an example, we have outlined how the Golomb ruler problem might be
effectively transformed from a high level description into a good model. Space prevents
us from giving further examples here, but elsewhere [7] we have applied a similar process
to the SONET network design problem.

A principal element of future work is to extend Cgrass’ set of rules to allow it to rea-
son about parameterised problem classes and at higher levels of abstraction. In particular,
we will introduce refinement rules to move from higher to lower levels of abstraction
as necessary. We will also consider whether Cgrass’ rules can be implemented via con-
straint handling rules [9]. Possible obstacles include more complex pattern matching, the
use of best-first search as the rule base grows in complexity, and the use of an executive
which decides when to stop inferring and start searching.
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Abstract. Substitutability and interchangeability in constraint satisfac-
tion problems (CSPs) have been used as a basis for search heuristics, so-
lution adaptation and abstraction techniques. In this paper, we consider
how the same concepts can be extended to soft constraint satisfaction
problems (SCSPs).
We introduce two notions: threshold α and degradation δ for substi-
tutability and interchangeability, (αsubstitutability/interchangeability
and δsubstitutability/interchangeability respectively). We show that
they satisfy analogous theorems to the ones already known for hard
constraints. In αinterchangeability, values are interchangeable in any
solution that is better than a threshold α, thus allowing to disregard
differences among solutions that are not sufficiently good anyway. In
δinterchangeability, values are interchangeable if their exchange could
not degrade the solution by more than a factor of δ.
We give efficient algorithms to compute (δ/α)interchangeable sets of val-
ues for a large class of SCSPs.

1 Introduction

Substitutability and interchangeability in CSPs have been introduced by
Freuder ([12]) in 1991 with the intention of improving search efficiency for solving
CSP. Interchangeability has since found other applications in abstraction frame-
works ([14,20,12,8]) and solution adaptation ([19,15]). One of the difficulties with
interchangeability has been that it does not occur very frequently.

In many practical applications, constraints can be violated at a cost, and
solving a CSP thus means finding a value assignment of minimum cost. Various
frameworks for solving such soft constraints have been proposed [13,10,16,11,
18,5,6,2]. The soft constraints framework of c-semirings [5,2] has been shown
to express most of the known variants through different instantiations of its
operators, and this is the framework we are considering in this paper.

The most straightforward generalization of interchangeability to soft CSP
would require that exchanging one value for another does not change the qual-
ity of the solution at all. This generalization is likely to suffer from the same
weaknesses as interchangeability in hard CSP, namely that it is very rare.
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Fortunately, soft constraints also allow weaker forms of interchangeabil-
ity where exchanging values may result in a degradation of solution quality
by some measure δ. By allowing more degradation, it is possible to increase
the amount of interchangeability in a problem to the desired level. We define
δsubstitutability/interchangeability as a concept which ensures this quality. This
is particularly useful when interchangeability is used for solution adaptation.

Another use of interchangeability is to reduce search complexity by group-
ing together values that would never give a sufficiently good solution. In
αsubstitutability/interchangeability, we consider values interchangeable if they
give equal solution quality in all solutions better than α, but possibly different
quality for solutions whose quality is ≤ α.

Just like for hard constraints, full interchangeability is hard to com-
pute, but can be approximated by neighbourhood interchangeability which
can be computed efficiently and implies full interchangeability. We define
the same concepts for soft constraints, and prove that neighborhood implies
full (δ/α)substitutability/interchangeability. We give algorithms for neighbor-
hood (δ/α)substitutability/interchangeability, and we prove several interesting
and useful properties of the concepts. Finally, we give two examples where
(δ/α)interchangeability is applied to solution adaptation in configuration prob-
lems with two different soft constraint frameworks: delay and cost constraints,
and show its usefulness in these practical contexts.

2 Background

2.1 Soft CSPs

Several formalization of the concept of soft constraints are currently available.
In the following, we refer to the one based on c-semirings [2,4,5,7], which can
be shown to generalize and express many of the others [3]. A soft constraint
may be seen as a constraint where each instantiations of its variables has an
associated value from a partially ordered set which can be interpreted as a set of
preference values. Combining constraints will then have to take into account such
additional values, and thus the formalism has also to provide suitable operations
for combination (×) and comparison (+) of tuples of values and constraints.
This is why this formalization is based on the concept of c-semiring, which is
just a set plus two operations.

Semirings. A semiring is a tuple 〈A, +,×,0,1〉 such that: 1. A is a set and 0,1 ∈
A; 2. + is commutative, associative and 0 is its unit element; 3. × is associative,
distributes over +, 1 is its unit element and 0 is its absorbing element. A c-
semiring is a semiring 〈A, +,×,0,1〉 such that: + is idempotent, 1 is its absorbing
element and × is commutative. Let us consider the relation ≤S over A such that
a ≤S b iff a + b = b. Then it is possible to prove that (see [5]): 1. ≤S is a partial
order; 2. + and × are monotone on ≤S ; 3. 0 is its minimum and 1 its maximum;
4. 〈A,≤S〉 is a complete lattice and, for all a, b ∈ A, a + b = lub(a, b) (where
lub is the least upper bound). Moreover, if × is idempotent, then: + distributes
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over ×; 〈A,≤S〉 is a complete distributive lattice and × its glb (greatest lower
bound). Informally, the relation ≤S gives us a way to compare semiring values
and constraints. In fact, when we have a ≤S b, we will say that b is better than
a. In the following, when the semiring will be clear from the context, a ≤S b will
be often indicated by a ≤ b.

Constraint Problems. Given a semiring S = 〈A, +,×,0,1〉 and an ordered set
of variables V over a finite domain D, a constraint is a function which, given an
assignment η : V → D of the variables, returns a value of the semiring. By using
this notation we define C = η → A as the set of all possible constraints that can
be built starting from S, D and V .

Note that in this functional formulation, each constraint is a function (as
defined in [7]) and not a pair (as defined in [4,5]). Such a function involves all
the variables in V , but it depends on the assignment of only a finite subset
of them. So, for instance, a binary constraint cx,y over variables x and y, is a
function cx,y : V → D → A, but it depends only on the assignment of variables
{x, y} ⊆ V . We call this subset the support of the constraint. More formally,
consider a constraint c ∈ C. We define its support as supp(c) = {v ∈ V |
∃η, d1, d2.cη[v := d1] �=cη[v := d2]}, where

η[v := d]v′ =

{
d if v = v′,
ηv′ otherwise.

Note that cη[v := d1] means cη′ where η′ is η modified with the assignment
v := d1 (that is the operator [ ] has precedence over application). Note also that
cη is the application of a constraint function c : V → D → A to a function
η : D → A; what we obtain, is a semiring value cη = a.

A soft constraint satisfaction problem is a pair 〈C, con〉 where con ⊆ V
and C is a set of constraints: con is the set of variables of interest for the
constraint set C, which however may concern also variables not in con. Note
that a classical CSP is a SCSP where the chosen c-semiring is: SCSP =
〈{false, true},∨,∧, false, true〉. Fuzzy CSPs [17] can instead be modeled in the
SCSP framework by choosing the c-semiring SFCSP = 〈[0, 1], max, min, 0, 1〉.
Many other “soft” CSPs (Probabilistic, weighted, . . . ) can be modeled by
using a suitable semiring structure (Sprob = 〈[0, 1], max,×, 0, 1〉, Sweight =
〈R, min,+, +∞, 0〉, . . . ).

Fig. 1 shows the graph representation of a fuzzy CSP. Variables and con-
straints are represented respectively by nodes and by undirected (unary for c1
and c3 and binary for c2) arcs, and semiring values are written to the right of the
corresponding tuples. The variables of interest (that is the set con) are repre-
sented with a double circle. Here we assume that the domain D of the variables
contains only elements a and b and c.

Combining and projecting soft constraints. Given the set C, the combination
function ⊗ : C×C → C is defined as (c1 ⊗c2)η = c1η×S c2η. In words, combining
two constraints means building a new constraint whose support involves all the
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c1 c3

c2
<b, c> −−> 0.1
<b, b> −−> 0

<c, a> −−> 0.8

<c, b> −−> 0.2
<c, c> −−> 0.2

<a, c> −−> 0.2
<a, b> −−> 0.2

<a, a> −−> 0.8

<b, a> −−> 0

<c> −−> 0.9
<b> −−> 0.1 <b> −−> 0.5

<c> −−> 0.5

<a> −−> 0.9
<a> −−> 0.9

X Y

Fig. 1. A fuzzy CSP.

variables of the original ones, and which associates with each tuple of domain
values for such variables a semiring element which is obtained by multiplying
the elements associated by the original constraints to the appropriate subtuples.
It is easy to verify that supp(c1 ⊗ c2) ⊆ supp(c1) ∪ supp(c2).

Given a constraint c ∈ C and a variable v ∈ V , the projection of c over V −{v},
written c ⇓(V −{v}) is the constraint c′ s.t. c′η =

∑
d∈D cη[v := d]. Informally,

projecting means eliminating some variables from the support. This is done
by associating with each tuple over the remaining variables a semiring element
which is the sum of the elements associated by the original constraint to all the
extensions of this tuple over the eliminated variables. In short, combination is
performed via the multiplicative operation of the semiring, and projection via
the additive one.

Solutions. A solution of an SCSP P = 〈C, con〉 is the constraint Sol(P ) =
(
⊗

C) ⇓con. That is, we combine all constraints, and then project over the
variables in con. In this way we get the constraint with support (not greater than)
con which is “induced” by the entire SCSP. Note that when all the variables are
of interest we do not need to perform any projection.

For example, the solution of the fuzzy CSP of Fig. 1 associates a semiring
element to every domain value of variable x. Such an element is obtained by
first combining all the constraints together. For instance, for the tuple 〈a, a〉
(that is, x = y = a), we have to compute the minimum between 0.9 (which is
the value assigned to x = a in constraint c1), 0.8 (which is the value assigned
to 〈x = a, y = a〉 in c2) and 0.9 (which is the value for y = a in c3). Hence,
the resulting value for this tuple is 0.8. We can do the same work for tuple
〈a, b〉 → 0.2, 〈a, c〉 → 0.2, 〈b, a〉 → 0, 〈b, b〉 → 0, 〈b, c〉 → 0.1, 〈c, a〉 → 0.8,
〈c, b〉 → 0.2 and 〈c, c〉 → 0.2. The obtained tuples are then projected over variable
x, obtaining the solution 〈a〉 → 0.8, 〈b〉 → 0.1 and 〈c〉 → 0.8.

2.2 Interchangeability

Interchangeability in constraint networks was first proposed by Freuder [12] to
capture equivalence among values of a variable in a discrete constraint satisfac-
tion problem. Value v = a is substitutable for v = b if for any solution where
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v = a, there is an identical solution except that v = b. Values v = a and v = b
are interchangeable if they are substitutable both ways.

a, b, d a, b, c

c, d, e, fd

V1

V2

V3

V4

=/=

=/=
=/==/=

Fig. 2. An example of CSP with interchangeable values.

Interchangeability offers three important ways for practical applications:
– by pruning the interchangeable values, which are redundant in a sense, the

problem space can be simplified.
– interchangeability can be used as a solution updating tool; this can by used

for user-interaction, can help users in taking decisions by offering alterna-
tives, planning, scheduling ...

– can structure and classify the solution space.
Full Interchangeability considers all constraints in the problem and checks if

a value a and b for a certain variable v can be interchanged without affecting
the global solution. In the CSP in Fig. 2 (taken from [9]), d, e and f are fully
interchangeable for v4. This is because we inevitably have v2 = d, which implies
that v1 cannot be assigned d in any consistent global solution. Consequently, the
values d, e and f can be freely permuted for v4 in any global solution.

There is no efficient algorithm for computing full Interchangeability, as it
may require computing all solutions. The localized notion of Neighbourhood In-
terchangeability considers only the constraints involving a certain variable v. In
this notion, a and b are neighbourhood interchangeable if for every constraint
involving v, for every tuple that admits v = a there is an otherwise identical
tuple that admits v = b, and vice-versa. In Fig. 2, e and f are neighbourhood
interchangeable for v4.

Freuder showed that neighbourhood interchangeability always implies full in-
terchangeability and can therefore be used as an approximation. He also provided
an efficient algorithm (Algorithm 1) for computing neighborhood interchange-
ability [12], and investigated its use for preprocessing CSP before searching for
solutions [1]. Every node in the discrimination tree (Fig. 1) corresponds to a
set of assignments to variables in the neighbourhood of v that are compatible
with some value of v itself. Interchangeable values are found by the fact that
they follows the same path and fall into the same ending node. Fig. 3 shows an
example of execution of Algorithm 1 for variable v4. Domain values e and f are
shown to be interchangeable.
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Create the root of the discrimination tree for variable vi;
Let Dvi = {the set of domain values dvi for variable vi};
Let Neigh({vi}) = {all neighborhood variables vj of variable vi};
for all dvi ∈ Dvi do

for all vj ∈ Neigh({vi}) do
for all dvj ∈ Dvj s.t. dvj is consistent with dvi for vi do

if there exists a child node corresponding to vj = dvj then
move to it,

else
construct such a node and move to it;

Add vi, {dvi} to annotation of the node;
Go back to the root of the discrimination tree.

Algorithm 1: Discrimination Tree for variable vi.

root

V1 = a

V1 = b

V1 = d

V3 = a

V3 = b

V3 = a

V3 = b

V3 = c

V3 = c
V4 = {c}

V4 = {e, f}

V4 = {d}

Fig. 3. An example of CSP with computation of neighborhood interchangeable values.

3 Interchangeability in Soft CSPs

In soft CSPs, there is not any crisp notion of consistency. In fact, each tuple
is a possible solution, but with different level of preference. Therefore, in this
framework, the notion of interchangeability becomes finer: to say that values a
and b are interchangeable we have also to consider the assigned semiring level.

More precisely, if a domain element a assigned to variable v can be substi-
tuted in each tuple solution with a domain element b without obtaining a worse
semiring level we say that b is full substitutable for a.

Definition 1 (Full Substitutability (FS)). Consider two domain values b
and a for a variable v, and the set of constraints C; we say that b is Full Sub-
stitutable for a on v (b ∈ FSv(a)) if and only if⊗

Cη[v := a] ≤S

⊗
Cη[v := b]

When we restrict this notion only to the set of constraints Cv that involves
variable v we obtain a local version of substitutability.

Definition 2 (Neighborhood Substitutability (NS)). Consider two do-
main values b and a for a variable v, and the set of constraints Cv involving
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v; we say that b is neighborhood substitutable for a on v (b ∈ NS v(a)) if and
only if ⊗

Cvη[v := a] ≤S

⊗
Cvη[v := b]

When the relations hold in both directions, we have the notion of
Full/Neighborhood interchangeability of b with a.

Definition 3 (Full and Neighborhood Interchangeability (FI and NI )).
Consider two domain values b and a, for a variable v, the set of all constraints C
and the set of constraints Cv involving v. We say that b is fully interchangeable
with a on v (FI v(a/b)) if and only if b ∈ FSv(a) and a ∈ FSv(b), that is

⊗
Cη[v := a] =

⊗
Cη[v := b].

We say that b is Neighborhood interchangeable with a on v (NI v(a/b)) if and
only if b ∈ NS v(a) and a ∈ NS v(b), that is

⊗
Cvη[v := a] =

⊗
Cvη[v := b].

This means that when a and b are interchangeable for variable v they can be
exchanged without affecting the level of any solution.

Two important results that hold in the crisp case can be proven to be
satisfied also with soft CSPs: transitivity and extensivity of interchangeabil-
ity/substituability.

Theorem 1 (Extensivity: NS =⇒ FS and NI =⇒ FI ). Consider two
domain values b and a for a variable v, the set of constraints C and the set of
constraints Cv involving v. Then, neighborhood (substituability) interchangeabil-
ity implies full (substituability) interchangeability.

Theorem 2 (Transitivity: b ∈ NS v(a), a ∈ NS v(c) =⇒ b ∈ NS v(c)). Con-
sider three domain values a, b and c, for a variable v. Then,

b ∈ NS v(a), a ∈ NSv(c) =⇒ b ∈ NS v(c).

Similar results hold for FS ,NI and FI .

As an example of interchangeability and substitutability consider the fuzzy
CSP represented in Fig. 1. The domain value c is neighborhood interchangeable
with a on x (NI x(a/c)); in fact, c1 ⊗ c2η[x := a] = c1 ⊗ c2η[x := c] for all
η. The domain values c and a are also neighborhood substitutable for b on x
({a, c} ∈ NSv(b)). In fact, for any η we have c1 ⊗ c2η[x := b] ≤ c1 ⊗ c2η[x := c]
and c1 ⊗ c2η[x := b] ≤ c1 ⊗ c2η[x := a].
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3.1 Degradations and Thresholds

In soft CSPs, any value assignment is a solution, but may have a very bad
preference value. This allows broadening the original interchangeability concept
to one that also allows degrading the solution quality when values are exchanged.
We call this δinterchangeability, where δ is the degradation factor.

When searching for solutions to soft CSP, it is possible to gain efficiency by
not distinguishing values that could in any case not be part of a solution of
sufficient quality. In αinterchangeability, two values are interchangeable if they
do not affect the quality of any solution with quality better than α. We call α
the threshold factor.

Both concepts can be combined, i.e. we can allow both degradation and
limit search to solutions better than a certain threshold (δ

αinterchangeability).
By extending the previous definitions we can define thresholds and degradation
version of full/neighbourhood substitutability/interchangeability.

Definition 4 (δFull Substitutability (δFS)). Consider two domain values b
and a for a variable v, the set of constraints C and a semiring level δ; we say that
b is δfull Substitutable for a on v (b ∈ δFS v(a)) if and only if for all assignments
η, ⊗

Cη[v := a] ×S δ ≤S

⊗
Cη[v := b]

Definition 5 (αFull Substitutability (αFS)). Consider two domain values
b and a, for a variable v, the set of constraints C and a semiring level α; we
say that b is αfull substitutable for a on v (b ∈ αFS v(a)) if and only if for all
assignments η,⊗

Cη[v := a] ≥ α =⇒
⊗

Cη[v := a] ≤S

⊗
Cη[v := b]

Similarly all the notion of δ/αNeighborhood Substitutability (δ/αNS ) and
of δ

/αFull/Neighborhood Interchangeability (δ
/αFI /NI ) can be defined (just

considering the relation in both directions and changing C with Cv).
As an example consider Fig. 1. The domain values c and b for variable y are

0.2Neighborhood Interchangeable. In fact, the tuple involving c and b only differ
for the tuple 〈b, c〉 that has value 0.1 and for the tuple 〈b, b〉 that has value 0. Since
we are interested only to solutions greater than 0.2, these tuples are excluded
from the match. The meaning of degradation assume different meanings when
instantiated to different semirings:
1. fuzzy CSP: b ∈ δFS v(a) gets instantiated to:

min(minc∈C(cη[v := a]), δ) ≤ minc∈C(cη[v := b])

which means that changing v := b to v := a does not make the solution worse
than before or worse than δ. In the practical case where we want to only
consider solutions with a quality better than δ, this means that substitution
will never put a solution out of this class.
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2. weighted CSP: b ∈ δFSv(a) gets instantiated to:∑
c∈C

cη[v := a] + δ ≥
∑
c∈C

cη[v := b]

which means that the penalty for the solution does not increase by more than
a factor of δ. This allows for example to express that we would not want to
tolerate more than δ in extra cost. Note, by the way, that ≤S translates to
≥ in this version of the soft CSP.

3. probabilistic CSP: b ∈ δFSv(a) gets instantiated to:

(
∏
c∈C

cη[v := a]) · δ ≤
∏
c∈C

cη[v := b]

which means that the solution with v = b is not degraded by more than a
factor of δ from the one with v = a.

4. crisp CSP: b ∈ δFSv(a) gets instantiated to:

(
∧
c∈C

cη[v := a]) ∧ δ ⇒ (
∧
c∈C

cη[v := b])

which means that when δ = true, whenever a solution with v = a satisfies
all constraints, so does the same solution with v = b. When δ = false, it is
trivially satisfied (i.e. δ is too loose a bound to be meaningful).

3.2 Properties of Degradations and Thresholds

As it is very complex to determine full interchangeability/substitutability, we
start by showing the fundamental theorem that allows us to approximate
δ
/αFS/FI by δ

/αNS/NI :

Theorem 3 (Extensivity). δneighbourhood substitutability implies δfull sub-
stitutability and αneighbourhood substitutability implies αfull substitutability.

This theorem is of fundamental importance since it gives us a way to approx-
imate full interchangeability by neighborhood interchangeability which is much
less expensive to compute.

Theorem 4 (Transitivity using thresholds and degradations). Consider
three domain values a, b and c, for a variable v. Then,

b ∈ δ1NS v(a), a ∈ δ2NS v(c) =⇒ b ∈ δ1×δ2NS v(c) and
b ∈ α1

NS v(a), a ∈ α2
NS v(c) =⇒ b ∈ α1+α2

NS v(c)

Similar results holds for FS ,NI ,FI .

In particular when α1 = α2 = α and δ1 = δ2 = δ we have:

Corollary 1 (Transitivity and equivalence classes). Consider three do-
main values a, b and c, for a variable v. Then,
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– Threshold interchangeability is a transitive relation, and partitions the set of
values for a variable into equivalence classes, that is

b ∈ αNSv(a), a ∈ αNS v(c) =⇒ b ∈ αNS v(c)

αNI v(b/a), αNI v(a/c) =⇒ αNI v(b/c)

– If the ×S-operator is idempotent, then degradation interchangeability is a
transitive relation, and partitions the set of values for a variable into equiv-
alence classes, that is

b ∈ δNS v(a), a ∈ δNS v(c) =⇒ b ∈ δNS v(c)
δNI v(b/a), δNI v(a/c) =⇒ δNI v(b/c)

By using degradations and thresholds we have a nice way to decide when
two domain values for a variable can be substituable/interchangeable. In fact,
by changing the α or δ parameter we can obtain different results.

In particular we can show that an extensivity results for the parameters hold.
In fact, it is straightforward to notice that if two values are δ

αsubstitutable, they
have to be also δ′

α′substitutable for any δ′ ≤ δ and α′ ≥ α.

Theorem 5 (Extensivity for α and δ). Consider two domain values a and
b, for a variable v, two thresholds α and α′ s.t. α ≤ α′ and two degradations δ
and δ′ s.t. δ ≥ δ′. Then,

a ∈ δNS v(b) =⇒ a ∈ δ′
NS v(b) and a ∈ αNS v(b) =⇒ a ∈ α′NS v(b)

Similar results holds for FS ,NI ,FI .

As a corollary when threshold and degradation are 0 or 1 we have some
special results.

Corollary 2. When α = 0 and δ = 1, we obtain the non approximated versions
of NS. When α = 1 and δ = 0, all domain values are substitutable.

∀a, b, a ∈ 0NSv(b) and a ∈ 1NS v(b) ⇐⇒ a ∈ NS(b)

∀a, b, a ∈ 1NS v(b) and a ∈ 0NS v(b)

Similar results holds for FS ,NI ,FI .

3.3 Computing δ/α-Substitutability/Interchangeability

The result of Theorem 1 is fundamental since it gives us a way to approx-
imate full substituability/interchangeability by neighbourhood substituabil-
ity/interchangeability which is much less costly to compute.

The most general algorithm for neighborhood substituability/interchange-
ability in the soft CSP framework is to check for each pair of values whether
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the condition given in the definition holds or not. This algorithm has a time
complexity exponential in the size of the neighbourhood and quadratic in the
size of the domain (which may not be a problem when neighbourhoods are small).

Better algorithms can be given when the times operator of the semiring
is idempotent. In this case, instead of considering the combination of all the
constraint Cv involving a certain variable v, we can check the property we need
(NS/NI and their relaxed versions δ

αNS/NI ) on each constraint itself.

Theorem 6. Consider two domain values b and a, for a variable v, and the set
of constraints Cv involving v. Then we have:

∀c ∈ Cv.cη[v := a] ≤S cη[v := b] =⇒ b ∈ NS v(a)
(∀c ∈ Cv.cη[v := a] ≥ α =⇒ cη[v := a] ≤S cη[v := b]) =⇒ b ∈ αNS v(a)

If the times operator of the semiring is idempotent we also have:

∀c ∈ Cv.cη[v := a] ×S δ ≤S cη[v := b] =⇒ b ∈ δNS v(a)

By using Theorem 6 (and Corollary 1 for δ/αNS ) we can find substitu-
able/interchangeable domain values more efficiently. Algorithm 2 shows an al-
gorithm that can be used to find domain values that are Neighborhood Inter-
changeable. It uses a data structure similar to the discrimination trees, first
introduced by Freuder in [12] . Algorithm 2 can compute different versions of

1: Create the root of the discrimination tree for variable vi

2: Let Cvi = {c ∈ C | vi ∈ supp(c)}
3: Let Dvi = {the set of domain values dvi for variable vi}
4: for all dvi ∈ Dvi do
5: for all c ∈ Cv do
6: execute Algorithm NI -Nodes(c, v, dvi) to build the nodes associated with c
7: Add vi, {dvi} to annotation of the last build node,
8: Go back to the root of the discrimination tree.

Algorithm 2:Algorithm to compute neighbourhood interchangeable sets for variable vi.

neighbourhood interchangeability depending on the algorithm NI −nodes used.
Algorithm 3 shows the simplest version without threshold or degradation. The

1: for all assignments ηc to variables in supp(c) do
2: compute the semiring level β = cηc[vi := dvi ],
3: if there exists a child node corresponding to 〈c = ηc, β〉 then
4: move to it,
5: else
6: construct such a node and move to it.

Algorithm 3: NI-Nodes(c, v, dvi) for Soft-NI .
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algorithm is very similar to that defined by Freuder in [12], and when we consider
the semiring for classical CSPs SCSP = 〈{false, true},∨,∧, false, true〉 and all
constraints are binary, it computes the same result. Notice that for each node
we add also an information representing the cost of the assignment ηc.

When all constraints are binary, considering all constraints involving variable
v is the same as considering all variables connected to v by a constraint, and our
algorithm performs steps as that given by Freuder.

We can determine the complexity of the algorithm by considering that the
algorithm calls NI − Nodes for each k − ary constraint exactly once for each
value of each the k variables; this can be bounded from above by k ∗ d with d
the maximum domain size. Thus, given m constraints, we obtain a bound of

O(m ∗ k ∗ d ∗ O(AlgorithmNI−nodes)).

The complexity of AlgorithmNI−nodes strictly depends on the size of the do-
main d and from the number of variables k involved in each constraint and is
given as

O(AlgorithmNI−nodes) = dk−1.

For complete constraint graphs of binary constraints (k = 2), we obtain the same
complexity bound of O(n2d2) as Freuder in [12].

1: for all assignments ηc to variables in supp(c) s.t. β = cηc[vi := dvi ] and α ≤S β
do

2: if there exists a child node corresponding to 〈c = ηc, β〉 then
3: move to it,
4: else
5: construct such a node and move to it.

Algorithm 4: NI-Nodes(c, v, dvi) for Soft αNI .

1: for all assignments ηc to variables in supp(c) do
2: compute the semiring level β = cηc[vi := dvi ],
3: if there exists a child node corresponding to 〈c = ηc, β

′, β̄〉 with (β̄ ≤ β)∧(β×δ ≤
β′) then

4: move to it and change the label to 〈c = ηc, glb(β′, β), β̄ + (β × δ)〉,
5: else
6: construct the node 〈c = ηc, β, β × δ〉 and move to it.

Algorithm 5: NI-Nodes(c, v, dvi) for Soft δNI .

Algorithms for the relaxed versions of NI are obtained by substituting dif-
ferent versions of Algorithm 3. For αNI , the algorithm needs to only consider
tuples whose semiring value is greater than α, as shown in Algorithm 4. For
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δNI , the algorithm needs to only consider tuples that can cause a degradation
by more than δ, as shown in Algorithm 5. The idea here is to save in each node
the information needed to check at each step δNS in both directions. In a semir-
ing with total order, the information represent the ”interval of degradation”. As
both algorithms consider the same assignments as Algorithm 3, their complexity
remains unchanged at O(dk−1).

4 An Example

Fig. 4 shows the graph representation of a CSP which might represent a car
configuration problem. A product catalog might represent the available choices

M:{s,m,l} E:{s,l,d}

T:{a,m} A:{y,n}

C1

C2

C4
C3

Fig. 4. Example of a CSP modeling car configuration. It has 4 variables: M = model,
T = transmission, A = Air Conditioning, E = Engine.

through a soft CSP. With different choices of semiring, the CSP of Fig. 4 can
represent different problem formulations; a possible example follows:

Example 1 An optimization criterion might be the time it takes to build the
car. Delay is determined by the time it takes to obtain the components and to
reserve the resources for the assembly process. For the delivery time of the car,
only the longest delay would matter. This could be modelled by the semiring
< �+, min, max,+∞, 0 >1, with the binary constraints:

C1 =

M
s m l

T a ∞ 3 4
m 2 4 ∞

C2 =

M
s m l

s 2 3 ∞
E l 30 3 3

d 2 3 ∞

C3 =

E
s l d

A y 5 4 7
n 0 30 0

C4 =

E
s l d

T a ∞ 3 ∞
m 4 10 3

and unary constraints CM , CE , CT and CA that model the time to obtain the
components:

CM =
s m l

2 3 3
CE =

s l d

3 2 3
CT =

a m

1 2
CA =

y n

3 0

�
1 This semiring and the fuzzy one are similar, but the first uses an opposite order. Let

us call this semiring opposite-fuzzy.
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Let us now consider the variable E of Example 1 and compute δ
/αNS/NI

between its values by using Definition 4 and Definition 5. In Fig. 5 directed arcs
are added when the source can be δ/αsubstituted to the destination node. It is
easy to see how the occurrences of δ/αNS change, depending on δ and α degrees.

s l s s sl l l

 = 0  = 7  = 30  =  

s s s sl l l l

 = 0  = 4  = 5  =  

d d d d

d d d d

Fig. 5. Example of how δ-substitutability and α-substitutability varies in the opposite-
fuzzy CSP over the values of variable E.

We can notice that when δ takes value 0 (the 1 of the optimization semiring),
small degradation is allowed in the CSP tuples when the values are substituted;
thus only value s can be substituted for value d. As δ increases in value (or
decreases from the semiring point of view) higher degradation of the solutions
is allowed and thus the number of substitutabilities increase with it.

In the second part of Fig. 5 we can see that for α = 0 all the values are
interchangeable (in fact, since there are no solutions better than α = 0, by
definition all the elements are αinterchangeable).

For a certain threshold (α = 4) values s and d are αinterchangeable and value
l can substitute values s and d. Moreover, when α is greater than 5 we only have
that s can substitute d.

We will show now how to compute interchangeabilities by using the Discrimi-
nation Tree algorithm. In Fig. 6 the Discrimination Tree is described for variable
M when α = 2 and α = 3. We can see that values m and l for variable M are
2interchangeable whilst there are no interchangeabilities for α = 3 .

5 Conclusions

Interchangeability in CSPs has found many applications for problem abstraction
and solution adaptation. In this paper, we have shown how the concept can be
extended to soft CSPs in a way that maintains the attractive properties already
known for hard constraints.

The two parameters α and δ allow us to express a wide range of practical
situations. The threshold α is used to eliminate distinctions that would not
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(l, a), 3)

(s, l), 3)

(m, l), 3)

(l, l), 3)
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(C2 =
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(C2 =
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(C2 =

(C2 =

(s, s), 2)

(m, s), 2)

(l, s), 2)

(s, d), 2)

(m, d), 2)

(l, d), 2)

M = {m, l}

root for M

=  2 =  3

M =  l

Fig. 6. Example of a search of α-interchangeability computing by the use of discrimi-
nation trees.

interest us anyway, while the allowed degradation δ specifies how precisely we
want to optimize our solution. We are now conducting a detailed investigation on
how variation of these parameters affects interchangeability on random problems.
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Abstract. A general approach to improving constraint solving is to take
advantage of information on the structure and particularities of the con-
sidered constraints. Specific properties can determine the use of cus-
tomized solvers, or they can be used to improve solver cooperation and
propagation strategies. We propose a framework in which properties are
seen as abstractions of the underlying constraints, and relate them to the
literature on abstract reasoning. We mainly exemplify this framework on
numerical constraints, where such properties as monotonicity and con-
vexity are important. In particular, we show how deductions can be made
on such constraints to dynamically infer properties. We overview con-
nections with recent works, and we give guidelines and examples on how
this kind of tool can be integrated into existing or customized constraint-
solvers.

1 Introduction

It is well-known that the tractability of constraint satisfaction strongly depends
on the properties enjoyed by the considered constraints. For instance, linear
real-valued (in)equalities (of the form

∑
i aixi ≤ c) can be handled efficiently

using linear programming techniques. Linear problems stand at the intersec-
tion between two important classes of problems, namely monotonic and convex
problems. For both of these classes, specialized algorithms can be found in the
non-linear programming [9,13] and constraint programming literature [15,16].
Moreover, there is no reason to restrict the list of useful properties to the afore-
mentioned, and an intelligent constraint solver should take into account any
useful information on the structure and the special features of the constraints.
Information on properties can be useful in solver cooperation, where several
solvers can be adapted to different parts of the problem. Properties of narrowing
operators can be used to enhance propagation strategies, and one can even at-
tempt to improve general-purpose algorithms in the case of constraints satisfying
a given property (see the example in Section 5). However, and despite the long-
standing interest in solving particular classes of functions, the issue of devising
logical tools to represent properties and perform reasoning on these properties
has been discussed only very recently, starting with a preliminary version of this
paper [2,10,14].

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 47–61, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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In this paper, we argue that properties are best understood as abstractions
of the functions or constraints they represent, hence we briefly shed light to the
connection with the abstract interpretation framework. We then suggest how,
using a simple deduction framework, property information can be inferred in a
syntax-directed manner; this deduction framework is exemplified on numerical
constraints built over a basic set of operators like +, exp, etc. Last, we discuss the
notion of property-aware algorithms, and suggest how property information can
help in such fundamental computational problems as optimization and constraint
solving.

1.1 A Simple Example

To motivate our advocacy that curve properties matter, consider the toy problem
of finding the minimum value for the curve x/y (Figure 1) when x and y range
over [1, 100]. It turns out that this curve is monotonic in the following sense: on
any point we consider in [1, 100]2, increasing x always yields higher values for
the result, while increasing y yields lower values. This information prevents us
from using costly techniques for this problem, since the minimum is obtained
when x takes its lowest value (namely 1) and y takes its highest value (100).

Determining that function x/y be monotonic on [1, 100]2 was easy since divi-
sion is a basic operation. It becomes more challenging to determine properties of
complex functions constructed by composition of basic operations. However, this
is not always a difficult task. For instance, raising a function to the exponential
does not change its monotonicity, and the minimum for function exp(x/y) is
still obtained for x = 1, y = 100. On the contrary, the minimum of function
− exp(x/y) is reached on x = 100, y = 1.

This kind of reasoning is made formal in Section 4, where a proof-theoretic
presentation of an inference algorithm is discussed. Here is a formalization of the
kind of deductions we obtain using this framework:

[1, 100]2 �x x/y : ©↗ [ 1
100 , 100] � exp : ©↗

[1, 100]2 �x exp(x/y) : ©↗ [0, 10100] � − : ©↘
[1, 100]2 �x − exp(x/y) : ©↘

Each horizontal line in this proof separates a conclusion (below) from its as-
sumptions. The conclusion should be read as ”on the intervals x ∈ [1, 100] and
y ∈ [1, 100], function − exp(x/y) is decreasing on x”. Symbols ©↘ and ©↗ are ab-
stractions which stand, respectively, for decreasing and increasing monotonicity
properties. Other technicalities shall be discussed later in the paper.

This simple example shows two noticeable features of our approach. First,
property inference is dynamic: it takes into account the current range of the
variables. This reflects the fact that, for instance, x/y is monotonic on x on
[1, 100]2, but not on [−10, 10]2. Second, computing with abstractions (©↗, etc.)
instead of actual constraints can be regarded as a qualitative reasoning on the
shape of the constraint. In many cases, if we work on the region [1, 100]2, viewing
the constraint as a plane whose lower and upper corners are respectively (1, 1)
and (100, 100) might be a convenient abstraction level.
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1.2 Outline of the Paper

Next Section (2) introduces basic material and notations. We then list some prop-
erties of interest and introduce abstractions to reify these properties (Section 3).
These abstractions allow some kind of automated reasoning, which is formalized
in Section 4. Section 5 discusses the practical relevance of this reasoning, and
the paper ends up with a conclusion (Section 6).

2 Basic Concepts and Notations

Let D be an ordered domain of computation (reals, integers, . . . ), and D
+ (resp.

D
−) be the set of its positive (resp. negative) values. Let V = {x1, . . . , xn} be a

set of variable names.

2.1 Functions and Tuples

A tuple t maps each variable x of V to a value tx ranging over D (it is hence
a closed substitution). A (total-) function f maps each tuple t to a value in D,
noted f(t).

Laws of addition and product by an element of D are piecewise-defined on
tuples, using the ring operations on D. We associate to each variable x a unit
tuple

→
x with value 1 on x and 0 elsewhere. Every tuple t may be written in the

form
∑

tx.
→
x . and the tuple t + λ

→
x is obtained by increasing the value of t on

x by λ.

2.2 Interval Evaluation

In some places we shall need to compute the range of a function f . Computing
the exact range is a difficult task in general, but overestimates shall be suitable
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for our needs. Safe overestimates can be obtained through Interval Arithmetics
[12,9], which associates an interval counterpart to each arithmetic operation
(e.g., [a, b] − [c, d] = [a − d, b − c]). Given a function f and a subset S of its pos-
sible inputs, f(S) shall denote the (approximation of) the set of corresponding
outputs.

3 Abstractions for Constraint Properties

We define a framework where properties are seen as constraint abstractions. The
Abstract Interpretation framework [3] helps defining a sound representation with
a clear semantics. This framework is in some sense a dynamic generalization of
the static inference of signs in the context of program-analysis [3,11].

We select a set of properties which are of special relevance to numerical
problem-solving, namely monotonicity, convexity, and injectivity. We define rep-
resentations for these properties.

3.1 Properties Considered

Next figure (2) illustrates these definitions in the univariate case.

�����������
�

����

�� � � � �� �

���� ��

���� ����

Fig. 2. An increasing function (left) - which is also injective - and an upper-convex
one (right).

Monotonicity — Monotonicity means that increasing the value of a tuple on
some variable x always yields higher (resp. lower) values - informally: “when x
increases, so does (resp. so does not) f(x)”. More formally:

Definition 1. [Monotonicity] A function f is said to be:

– increasing on x if (for each tuple t)
∀λ > 0, f(t + λ

→
x) ≥ f(t) “when x increases, so does f(x)”

– decreasing on x if (for each tuple t)
∀λ > 0, f(t + λ

→
x) ≤ f(t) “when x increases, f(x) decreases”
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– independent on x if it is both increasing and decreasing
∀λ > 0, f(t + λ

→
x) = f(t)

A function is said to be monotonic on variable x if it is either increasing or
decreasing on x.

Convexity — Convexity is a second-order property of monotonicity, which
states that the slopes of the function are monotonic - informally: convex functions
have a specific ∪ or ∩ shape.

Definition 2. [Convexity] A function f is said to be:

– upper-convex on x if (for each tuple t)
∀λ > 0, f(t + λ

2
→
x) ≥ 1

2 .(f(t) + f(t + λ
→
x))

– lower-convex on x if (for each tuple t)
∀λ > 0, f(t + λ

2
→
x) ≤ 1

2 .(f(t) + f(t + λ
→
x))

– affine on x if it is both lower- and upper- convex
∀λ > 0, f(t + λ

2
→
x) = 1

2 (f(t) + f(t + λ
→
x))

A function is said to be convex on variable x if it is either lower- or upper-
convex on x.

Injectivity — The ability to express strict inequalities is recovered via the
injectivity property, stating that no two points have the same image, and which
we define as a separate property for technical convenience:

Definition 3. [Injectivity] A function f is said to be:

– injective on x if (for each tuple t)
∀λ > 0, f(t + λ

→
x) �=f(t)

Note that all these definitions are n-dimensional generalizations of the uni-
variate definitions illustrated by figure 2, where the property considered holds
for a given axis. In particular, our definition of the convexity property is weaker
than the one used in non-linear optimization. It corresponds to several notions
(row-, interval-, and axis- convexity [5,1,15]) investigated in the literature on
constraints.

3.2 Representing Properties

Properties represent classes of functions. For instance, several classes are defined
with respect to monotonicity on a given variable: increasing and decreasing func-
tions, functions which have none of these properties and functions for which both
properties hold (i.e., independent functions).

To reason on properties, classes of functions are represented by abstract sym-
bols. Operations on values can be extended to these symbols while preserving
well-defined semantic properties. Following [3], the meaning of each abstract
symbol we introduce is defined as the concrete class of functions it represents.
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Definition 4. [Abstract Symbol] We define the following sets of abstract
symbols (the associated semantics is stated informally):

Property Abs. Symb. Meaning

Monotonicity
©↗
©↘
©=

increasing
decreasing
independent

Convexity
©∪
©∩
©×

upper-convex
lower-convex
affine

Injectivity ©�= injective

Each set is completed with the ©� and ©⊥ symbols, which respectively repre-
sent the class of all functions (with no special property) and the empty class of
functions. Symbols for each property are partially ordered as depicted in Figure 3.

�

� �

�

�

�

�

�

�

�

�

��

�

Fig. 3. Abstract lattices for the properties of monotonicity (left), convexity (middle),
and injectivity (right).

We use the circled notation throughout the text to avoid confusion between
the property symbols and the other signs used in the paper. Note that the
ordering on symbols mimics the inclusion order on the classes they represent -
for instance the class of affine functions is contained in the class of upper-convex
ones.

This ordering allows us to define the usual lattice operations: the least upper
bound or lub (a ∨ b = min{c | c ≥ a and c ≥ b}) and the greatest lower bound
or glb (a ∧ b = max{c | c ≤ a and c ≤ b}). For instance, on the lattice of
monotonicity properties, ©↘∨©↗ gives ©� and ©↘∧©= gives ©= . Since our lattices
are symmetric, we denote −α the symmetric of property α; for instance −©↗
gives ©↘, and −©= gives ©= .

3.3 Combining Symbols

In Abstract Interpretation, one can use the cartesian product of several lattices to
obtain a finer set of properties [4]. Figure 4 gives a sample (in the univariate case)
of the wide range of function properties expressed in our framework using a triplet
of symbols, standing for monotonicity, convexity, and injectivity respectively.
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Definition 5. A property is a triplet ABC, where the letters stand (in this
order) for a monotonicity, a convexity, and an injectivity symbol.

We allow the omission of the non-informative symbols ©� from the triplet.
For instance, symbol ©↗ is seen as a valid property, since it is understood as
©↗©� ©� . The triple-top property ©� ©� ©� shall be noted ©� . Note that a partial
ordering is naturally defined on properties as ABC ≤ A′B′C ′ iff A ≤ A′ and
B ≤ B′ and C ≤ C ′. for instance it should be clear that ©= ©× ≤ ©↗©× ≤ ©↗ ≤ ©� .

↗ × �=↗ ↗�= ↗ ∪

Fig. 4. Several kinds of increasing functions.

Of course, all our definitions have been stated with respect to a given variable,
and it is possible to use the information obtained for each variable to get an n-
dimensional qualitative representation of the shape of the curve. For instance,
the curve obtained on Fig. 5, left-hand-side is typical of something ©= ©× ©� on x
and ©↘©∪ ©�= ony1.

xx

  

f g

y y

Fig. 5. Combining the information along each axis.

1 Obviously, the most precise information we could define on a function would be a
vector of properties of the form 〈©= ©× ©� , ©↘©∪ ©�=〉. Yet, to avoid heavy notation, we
shall always reason on one variable at once. The reasoning between several variables
is independent, and it is straightforward to adapt our deduction rules to higher
dimensions.
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4 Reasoning on Properties

Now that properties are reified as symbols on which anything we need is defined
(in our case, a partial ordering), we can manipulate these objects and make
deductions. Quite naturally, the aim of these deductions shall be to infer proper-
ties which provably hold for some functions. There exists several ways to ensure
correctness of the deductions. We shall adopt the following definition (which is
strongly related to the correctness of constraint-solvers defined, for instance, in
[1]):

Definition 6. [Correctness] Let α be an abstraction function and γ be the
concretization function, which maps each symbol to the set of functions it repre-
sents. The abstraction is correct if α and γ form a Galois connection [3] between
the concrete and abstract lattices i.e., (F stands for a class of functions, s is a
symbol)

α(F ) ≤ s ⇔ F ⊆ γ(s) (1)

4.1 Axioms

The first kind of information we wish to store is related to the basic operators
(+, *, ...) of the language. We call axioms the following kind of sentence:

Definition 7. An axiom is a statement of the form:

I � ∼ : P (∼ is an unary operator)
or I1, I2 � � : P1, P2 (� is a binary operator)

where the Iis and intervals, ∼ and � are (respectively) unary or binary operators,
and the Pis are properties. For instance, the binary case should be read as ”when
its first/second arguments range over the intervals I1 and I2, operator � is P1
on its first argument and P2 on its second argument”.

It is easy to create a database of axioms for all of the basic operators +, *,
etc., since their curves are easily decomposed into a small number of parts where
properties can be identified (the overline indicates that the following axioms do
not need any assumption to be proved):

D � exp : ©↗©∪ ©�= D+ � log : ©↗©∩ ©�=

D− � x2a : ©↘©∪ ©�= D+ � x2a : ©↗©∪ ©�=

D− � x2a+1 : ©↗©∩ ©�= D+ � x2a+1 : ©↗©∪ ©�=

D+ � 2a
√

x : ©↗©∩ ©�=

D− � 2a+1
√

x : ©↗©∪ ©�= D+ � 2a+1
√

x : ©↗©∩ ©�=
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Note that these axioms should just be read as, for instance ”function exp is
increasing (on its only argument) over D”. We can define binary axioms:

D, D � + : ©↗©× ©�=,©↗©× ©�=

D, D � − : ©↗©× ©�=,©↘©× ©�=

D+, D+ � ∗ : ©↗©× ©�=,©↗©× ©�= D+, D− � ∗ : ©↘©× ©�=,©↗©× ©�=

D−, D+ � ∗ : ©↗©× ©�=,©↘©× ©�= D−, D− � ∗ : ©↘©× ©�=,©↘©× ©�=

We just give one example of how to prove these results. The generalization
to any other axiom of the list is straightforward:

Rule 1

D+, D+ � ∗ : ©↗©× ©�=,©↗©× ©�=
Proof. Consider particular values x, x′ ∈ D

+ and y ∈ D
+, with x < x′. Since

the product is positive, we have x.y ≤ x′.y (©↗); furthermore, since both x and y
are non-zero, we have x.y �=x′.y (©�=); Last, we have (x.y + x′.y)/2 = (x.y)/2 +
(x′.y)/2 (©× ).

4.2 Facts

Whereas axioms state properties of the basic operators (”operator exp is ©↗”),
the statements we would like to deduce have a slightly more complex form since
they involve complex terms with variables (”function x + log(y) is increasing
upper-convex on y”). We use the following definition:

Definition 8. A fact is a statement of the form

x1 ∈ I1, . . . , xn ∈ In �x f : P

where the xis are the variables, the Iis and intervals bounding these variables, f
is an expression, and P is a property. This statement should be read as ”within
the box I1 × . . . × In, expression f is P on x”.

The notion of correctness of a fact is obtained from equation 1: P ≤ P ′ ⇔
φ ∈ γ(P ′), where φ is the restriction of function f to the space delimited by the
constraints of C. An example of (correct) fact is

x ∈ [0, 10], y ∈ [0, 10] �x 2x.(y + 1) : ©↗©× ©�=

which is read: ”function 2x.(y+1) is increasing, affine and surjective on variable x
within the box x ∈ [0, 10], y ∈ [0, 10]”. We first define very simple rules to deduce
facts; since these rules do not have assumptions, we call them elementary rules:
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Rule 2 Constants and variables.

(whatever) �x x : ©↗©× ©�=

(whatever) �x y : ©= ©× ©� (if y �=x)

(whatever) �x c : ©= ©× ©� (for each constant c)

The previous rules simply state that ”x is increasing on x” and other trivial
statements. Next rules states that if something holds over [−∞, +∞], it also
holds over (say) [1, 3]:

Rule 3 Domain reduction.

x1 ∈ I1, . . . , xn ∈ In �x f : P

x1 ∈ I ′
1, . . . , xn ∈ I ′

n �x f : P
if ∀j ∈ 1 . . . n (I ′

j ⊆ Ij)

Technically, another kind of rules could be defined, namely weakening rules
(x:M+

x:M− if M− ≥ M+) to ensure that a rule applying to a general type applies to a
more particular type, but we shall assume this filtering to be implicit. Elementary
rules are formally needed to initialize the deduction process but, to simplify
things, we shall sometimes omit mentioning them when writing examples of
deductions (applying these rules is usually straightforward).

4.3 Syntax-Directed Deduction Rules

While elementary facts are deduced ”from scratch” and are used to bootstrap
the deduction machinery. Rules make it possible to deduce more facts from the
elementary ones.

The main class of deductions one would like to perform concerns the com-
positional inference which determines the properties of a complex expression as
a function of the properties of its subexpressions. For instance, given the prop-
erties of 3x and those of log y, which properties hold for 3x + log y? For the
sake of clarity, we first restrict ourselves to the sole property of monotonicity
throughout this subsection. We have the following scheme of rules (over the line
are the assumptions, below is the conclusion of the rule):

Rule 4 Unary composition (”If we compose a function increasing on x with an
increasing function, we obtain a function increasing on x”).

x1 ∈ I1, . . . , xn ∈ In �x g : M g(I1, . . . , In) � f : ©↗
xi ∈ Ii �x f(g) : M

x1 ∈ I1, . . . , xn ∈ In �x g : M g(I1, . . . , In) � f : ©↘
xi ∈ Ii �x f(g) : −M
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This example illustrates the distinction between so-called facts and axioms:
f is a unary operator which is monotonic in its only argument. As a consequence,
if we construct an expression f(g) where g is (say) ©↗ on x, the resulting function
shall be increasing/decreasing on x. Note that f has to be monotonic all over
the image of g; as mentioned earlier, this image can be estimated using simple
interval evaluation. Binary operators are handled very similarly:

Rule 5 Composition with a binary operator.

xi ∈ Ii �x l : M1 xi ∈ Ii �x r : M2 l(I), r(I) � f : M,M ′

xi ∈ Ii �x f(l, r) : ±M1 ∨ ±M2

where each ± depends on the monotonicity of M or M ′ (i ranges from 1 to n;
I stands for I1, . . . , In).

Note the potential loss of information induced by the ∨ operation (see 2nd
example in next subsection).

4.4 Examples of Deductions

Example 1. Here is the complete deduction obtained within our formalism show-
ing that 2x.y + x is increasing on x:






B �x 2 : ©= . . .

B �x 2x : ©↗

B �x y : ©=

P
[−20, 20][1, 2]

� ∗ : ©↗©�
B �x 2x.y : ©↗ B �x x : ©↗ [−40, 40][−10, 10]

� + : ©↗©↗
x ∈ [−10, 10], y ∈ [1, 2] �x 2x.y + x : ©↗

B (for ”box”) stands for x ∈ [−10, 10], y ∈ [1, 2]; P stands for a proof that 2x is
increasing on x over [−20, 20], [1, 2] — this is not an axiom in our database.

Example 2. This was a positive example where the abstract deductions compute
the exact information we wish. Here is a deduction which does not work so well
— this is to illustrate the loss of information mentioned above. Such a loss is
unavoidable when performing qualitative reasoning.

x ∈ D �x x : ©↗
x ∈ D �x x : ©↗

x ∈ D �x − x : ©↘ x ∈ D � + : ©↗©↗
x ∈ D �x x + (−x) : ©�
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4.5 Other Kinds of Deductions

Reasoning on monotonicity properties represents the most natural form of rea-
soning using facts and axioms. It is almost straightforward to deduce from the
rule-based formalism a linear-time (syntax-directed) algorithm which outputs a
correct approximation of the monotonicity of an expression on a simple domain.
Composition rules can be defined in the same spirit for injectivity and convexity
properties:

Rule 6 Composition rule for injectivity.

B �x g : ©�= g(B) � f : ©�=
B �x f(g) : ©�=

Rule 7 Composition rule for convexity (same rule for ©∩ with ©↘).

B �x g : ©∪ g(B) � f : ©↗©∪
B �x f(g) : ©∪

Proof. (sketched) For each t ∈ Ω and λ > 0, we note t′ = t+λ
→
x and avg(t, t′) =

(t + t′)/2. We have avg(fgx, fgy) ≥ f(avg(gx, gy)) ≥ f(g(avg(x, y))).

Rules can also be defined to make deductions when some properties hold over
two contiguous intervals [l, m] and [m, r] (what should we deduce about [l, r]?).
This turns out to work for both monotonicity and convexity properties2:

Rule 8 Domain extension for monotonicity (similar rules apply to binary op-
erators and to decreasing monotonicity).

[l, m] � f : ©↗ [m, r] � f : ©↗
[l, r] � f : ©↗

Rule 9 Domain extension for convexity (symmetric rule for ©↘).

[l, m] � f : ©↘©∪ [m, r] � f : ©↗©∪
[l, r] � f : ©∪

Proof. (sketched) Upper-convexity means the slope is increasing. Since it is neg-
ative on [l, m], positive on [m, r], and increasing on both, it is increasing all over
[l, r].

Due to lack of space we don’t develop examples in all cases. We simply
complete example 1 by giving the proof for P.

Example 3. (we omit some weakening rule applications)

[−20, 0][1, 2] � ∗ : ©↗©× ©�=,©↘©× ©�= [0, 20][1, 2] � ∗ : ©↗©× ©�=,©↗©× ©�=
[−20, 20][1, 2] � ∗ : ©↗©× ,©� ©×

2 We knowingly state these rules on axioms: domain extension rules are only useful
to extend the axiom database when the domain is too large for any axiom to apply.
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5 Practical Relevance

The rule-based framework we have defined enables us to (incompletely) detect
the properties which are satisfied by the constraints. Two drawbacks of the ap-
proach are that the considered constraints may not exhibit interesting properties,
and that our deduction framework may fail to detect these properties.

Regarding the first issue, an interesting feature of our approach is that prop-
erty detection is dynamic. The tighter the bounds of the variables, the best
information can be inferred. Ultimately, almost any function becomes mono-
tonic and convex on any axis if we consider small intervals. Since the current CP
approach to numerical constraints is based on interval narrowing and splitting,
opportunities to detect properties arise very often.

Incompleteness is a drawback of any qualitative reasoning system. We have
seen in Section 4.4 that even in simple cases, information may fail to be detected;
note that this problem usually arises in presence of variables with multiple occur-
rences. This is not a surprise since variable redundancy as well as a bad syntax
are known to cause problems, notably in interval analysis.

While detection and inference of properties have been discussed throughout
the paper, much work remains to be done on the use of property information
within constraint solvers. We now highlight several approaches.

Applying specialized solvers — The issue of determining classes of con-
straint problems which can be solved efficiently by specialized algorithms goes
back to (at least) [6]. For numerical problems, the properties of monotonicity
and convexity have naturally been exploited. Convex constraints have been con-
sidered in [15,5]; especially relevant to numerical domains is the (3, 2)-relational-
consistency technique [15], which guarantees backtrack-free search. Improve-
ments of Arc-Consistency for monotonic constraints can be found in e.g., [16].
Both kinds of properties have been widely studied in non-linear optimization,
for instance local optimization algorithms become global when a strong notion
of convexity holds [13].

Improving solver cooperation — Making several algorithms cooperate is
known to be a key feature for efficient constraint solving [8], and the integration
of such customized algorithms raises interesting issues. A more efficient cooper-
ation could be obtained if the solver were able to deduce which properties hold
for which sub-problems. We hope that our contribution shall be a step towards
these intelligent cooperation architectures.

Making general-purpose algorithms more ”property-aware” — Having
properties defined as objects makes it easier to define property-aware algorithms
which take property information into account. As an example of the possible
algorithms that can be devised, consider the usual (natural form) interval eval-
uation algorithm. This is a general-purpose method which is extensively used in
constraint solvers. We present a simple way to use monotonicity information:
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Example 4. Consider the function f : (x, y) → 2x.y + y on [−10, 10] × [1, 2].
Natural form interval evaluation estimates the image of f to 2.[−10, 10].[1, 2] +
[1, 2] = [−39, 42]. The function turns out to be increasing on x over these intervals
(this is easily detected in our framework, as shown in Section 4.4). We can hence
deduce that its global minimum is obtained for x = −10.

When we instantiate x to value −10, f becomes the simpler function g :
(x, y) → −20.y + y. Function g now turns out to be decreasing on y when
x = −10 and y ∈ [1, 2], and its minimum is hence f(−10, 2) = −38. Using
monotonicity information, not only have we improved the lower bound of the
interval evaluation by 1, but we have also got a guaranteed global minimum.

Recent horizons — Several research papers have appeared recently on re-
lated topics. [14] proposes to model the way cooperative solvers transform the
properties of the problem they receive as an input. The purpose is to improve
cooperation.

Especially close to our approach is a recent paper by D. Lesaint [10] which
discusses the inference of so-called types for discrete constraints. These types
are indeed properties which are easily identified to those we discuss; though
developed independently, this paper applies to discrete domains some meth-
ods very similar to those we have suggested for numerical constraints. Whereas
our syntax-directed reasoning relies on the syntax of arithmetic expressions, Le-
saint uses an algebra for finite domains (union, complementation, etc.) with very
similar methods. Type inference is hence used to configure the arc-consistency
algorithm used to solve the problem. More work should be done to compare the
two approaches and hopefully provide unifying frameworks.

6 Conclusion

Constraint properties provide meaningful information and impact the practical
tractability of a Constraint Satisfaction Problem. Integrating such information
in constraint solvers requires a formal representation (or “reification”) of the
properties. The first contribution of this paper was to propose abstraction as
a formal basis for modeling properties. Our main reference was Abstract Inter-
pretation, though other works on abstraction [7] could also be considered. The
formalism was just briefly suggested, and a more complete formulation of the
abstraction framework can be considered for future work.

Our second contribution was to define a rule-based framework for property
inference. Rules for the properties of monotonicity, convexity and injectivity have
been detailed, providing evidence that a symbolic approach to property inference
is possible.

Finally, we have overviewed some of the actual or possible applications of
property-inference for numerical constraint-solving and optimization. It is the
main aim of our ongoing work to develop these applications.
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Abstract. Arc-consistency algorithms are widely used to prune the search-space
of Constraint Satisfaction Problems (CSPs). They use support-checks (also known
as consistency-checks) to find out about the properties of CSPs. They use
arc-heuristics to select the next constraint and domain-heuristics to select the
next values for their next support-check. We will investigate the effects of do-
main-heuristics by studying the average time-complexity of two arc-consistency
algorithms which use different domain-heuristics. We will assume that there are
only two variables. The first algorithm, called L, uses a lexicographical heuristic.
The second algorithm, called D, uses a heuristic based on the notion of a dou-
ble-support check.We will discuss the consequences of our simplification about the
number of variables in the CSP and we will carry out a case-study for the case where
the domain-sizes of the variables is two. We will present relatively simple formulae
for the exact average time-complexity of both algorithms as well as simple bounds.
As a and b become large L will require about 2a + 2b − 2 log2(a) − 0.665492
checks on average, where a and b are the domain-sizes and log2(·) is the base-
2 logarithm. D requires an average number of support-checks which is below
2 max(a, b) + 2 if a + b ≥ 14. Our results demonstrate that D is the superior
algorithm. Finally, we will provide the result that on average D requires strictly
fewer than two checks more than any other algorithm if a + b ≥ 14.

1 Introduction

Arc-consistency algorithms are widely used to prune the search-space of Constraint
Satisfaction Problems (CSPs). Arc-consistency algorithms require support-checks (also
known as consistency-checks in the constraint literature) to find out about the properties
of CSPs. They use arc-heuristics and domain-heuristics to select their next support-check.
Arc-heuristics operate at arc-level and select the constraint that will be used for the next
check. Domain-heuristics operate at domain-level. Given a constraint, they decide which
values will be used for the next check. Certain kinds of arc-consistency algorithms use
heuristics which are, in essence, a combination of arc-heuristics and domain-heuristics.

We will investigate the effect of domain-heuristics by studying the average time-com-
plexity of two arc-consistency algorithms which use different domain-heuristics. We will
assume that there are only two variables. The first algorithm, called L, uses a lexico-
graphical heuristic. The second algorithm, called D, uses a heuristic based on the notion
of a double-support check. Experimental evidence already exists to suggest that this
double-support heuristic is efficient.

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 62–75, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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We will define L and D and present a detailed case-study for the case where the size
of the domains of the variables is two. We will show that for the case-study D is superior
on average.

We will present relatively simple exact formulae for the average time-complexity of
both algorithms as well as simple bounds. As a and b become large L will require about
2a + 2b − 2 log2(a) − 0.665492 checks on average, where a and b are the domain-sizes
and log2(·) is the base-2 logarithm. D will require an average number of support-checks
which is below 2 max(a, b) + 2 if a + b ≥ 14. Therefore, D is the superior algorithm.
Finally, we will provide an “optimality” result that on average D requires strictly fewer
than two checks more than any other algorithm if a + b ≥ 14.

As part of our analysis we will discuss the consequences of our simplifications about
the number of variables in the CSP.

The relevance of this work is that the double-support heuristic can be incorporated
into any existing arc-consistency algorithm. Our optimality result is informative about
the possibilities and limitations of domain-heuristics.

The remainder of this paper is organised as follows. In Section 2 we shall provide
basic definitions and review constraint satisfaction. A formal definition of the lexico-
graphical and double-support algorithms will be presented in Section 3. In that section we
shall also carry out our case-study. In Section 4 we shall present our average time-com-
plexity results and shall compare these results in Section 5. Our conclusions will be
presented in Section 6.

2 Constraint Satisfaction

2.1 Basic Definitions

A Constraint Satisfaction Problem (or CSP) is a tuple ( X,D,C ), where X is a set
containing the variables of the CSP, D is a function which maps each of the variables to
its domain, and C is a set containing the constraints of the CSP.

Let ( X,D,C ) be a CSP. For the purpose of this paper we will assume that X =
{ α, β }, that ∅ ⊂ D(α) ⊆ { 1, . . . , a }, that ∅ ⊂ D(β) ⊆ { 1, . . . , b }, and that C =
{ M }, where M is a constraint between α and β. We shall discuss the consequences of
our simplifications in Section 2.3.

For the purpose of this paper a constraint M between α and β is an a by b zero-one
matrix, i.e. a matrix with a rows and b columns whose entries are either zero or one.
It should be pointed out that our results do not depend on the use of two-dimensional
matrices or arrays at all. The use of a matrix in this paper is only for convenience of
notation. A tuple ( i, j ) in the Cartesian product of the domains of α and β is said to
satisfy a constraint M if Mij = 1. Here Mij is the j-th column of the i-th row of M . A
value i ∈ D(α) is said to be supported by j ∈ D(β) if Mij = 1. Similarly, j ∈ D(β)
is said to be supported by i ∈ D(α) if Mij = 1. M is called arc-consistent if for every
i ∈ D(α) there is a j ∈ D(β) which supports i and vice versa.

We will denote the set of all a by b zero-one matrices by M
ab. We will call matrices,

rows of matrices and columns of matrices non-zero if they contain more than zero ones,
and call them zero otherwise.
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The row-support/column-support of a matrix is the set containing the indices of
its non-zero rows/columns. An arc-consistency algorithm removes all the unsupported
values from the domains of the variables of a CSP until this is no longer possible. A
support-check is a test to find the value of an entry of a matrix. We will write M?

ij for
the support-check to find the value of Mij . An arc-consistency algorithm has to carry
out a support-check M?

ij to find out about the value of Mij . The time-complexity of
arc-consistency algorithms is expressed in the number of support-checks they require to
find the supports of their arguments.

If we assume that support-checks are not duplicated then at most ab support-checks
are needed by any arc-consistency algorithm for any a by b matrix. For a zero a by b
matrix each of these ab checks is required. The worst-case time-complexity is therefore
exactly ab for any arc-consistency algorithm. In this paper we shall be concerned with
the average time-complexity of arc-consistency algorithms.

If A is an arc-consistency algorithm and M an a by b matrix, then we will write
checksA(M) for the number of support-checks required by A to compute the row and
column-support of M .

Let A be an arc-consistency algorithm. The average time-complexity of A over M
ab

is the function avgA : N × N �→Q, where

avgA(a, b) =
∑

M∈Mab

checksA(M)/2ab.

Note that it is implicit in our definition of average time-complexity that it is just as likely
for a check to succeed as it is for it to fail. A is called non-repetitive if it does not repeat
support-checks.

A support-check M?
ij is said to succeed if Mij = 1 and said to fail otherwise. If a

support-check succeeds it is called successful and unsuccessful otherwise.
Let a and b be positive integers, let M be an a by b zero-one matrix, and let A be an

arc-consistency algorithm. The trace of M with respect to A is the sequence

( i1, j1, Mi1j1 ), ( i2, j2, Mi2j2 ), . . . , ( il, jl, Miljl
), (1)

where l = checksA(M) and M?
ikjk

is the k-th support-check carried out by A, for
1 ≤ k ≤ l. The length of the trace in Equation (1) is defined as l. Its k-th member is
defined by ( ik, jk, Mikjk

), for 1 ≤ k ≤ l.
An interesting property of traces of non-repetitive algorithms is the one formulated

as the following theorem which is easy to prove.

Theorem 1 (Trace Theorem). Let A be a non-repetitive arc-consistency algorithm, let
M be an a by b zero-one matrix, let t be the trace of M with respect to A, and let l be the
length of t. There are 2ab−l members of M

ab whose traces with respect to A are equal
to t.

The theorem will turn out to be convenient later on because it will allow us to
determine the “savings” of traces of non-repetitive arc-consistency algorithms without
too much effort.

M?
ij is called a single-support check if, just before the check was carried out, the

row-support status of i was known and the column-support status of j was unknown, or
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vice versa. A successful single-support check M?
ij leads to new knowledge about one

thing. Either it leads to the knowledge that i is in the row-support of M where this was
not known before the check was carried out, or it leads to the knowledge that j is in
the column-support of M where this was not known before the check was carried out.
M?

ij is called a double-support check if, just before the check was carried out, both the
row-support status of i and the column-support status of j were unknown. A successful
double-support check M?

ij leads to new knowledge about two things. It leads to the
knowledge that i is in the row-support of M and that j is in the column-support of M
where neither of these facts were known to be true just before the check was carried
out. A domain-heuristic is called a double-support heuristic if it prefers double-support
checks to other checks.

On average it is just as likely that a double-support check will succeed as it is that
a single-support check will succeed—in both cases one out of two checks will succeed
on average. The potential payoff of a double-support check is twice as large as that of
a single-support check. This is our first indication that at domain-level arc-consistency
algorithms should prefer double-support checks to single-support checks.

Our second indication that arc-consistency algorithms should prefer double-support
checks is the insight that in order to minimise the total number of support-checks it is a
necessary condition to maximise the number of successful double-support checks.

In the following section we shall point out a third indication—more compelling than
the previous two—that arc-consistency algorithms should prefer double-support checks
to single-support checks. Our average time-complexity results will demonstrate that the
double-support heuristic is superior to lexicographical heuristic which is usually used.

2.2 Related Literature

In 1977, Mackworth presented an arc-consistency algorithms called AC-3 [6]. Together
with Freuder he presented a lower bound of Ω(ed2) and an upper bound of O(ed3) for
the worst-case time-complexity [7]. Here, e is the number of constraints and d is the
maximum domain-size.

AC-3, as presented by Mackworth, is not an algorithm as such; it is a class of al-
gorithms which have certain data-structures in common and treat them similarly. The
most prominent data-structure used by AC-3 is a queue which initially contains each of
the pairs ( α, β ) and ( β, α ) for which there exists a constraint between α and β. The
basic machinery of AC-3 is such that any tuple can be removed from the queue. For a
“real” implementation this means that heuristics determine the choice of the tuple that
was removed from the queue. By selecting a member from the queue, these heuristics
determine the constraint that will be used for the next support-checks. Such heuristics
will be called arc-heuristics.

Not only are there arc-heuristics for AC-3, but also there are heuristics which, given
a constraint, select the values in the domains of the variables that will be used for the
next support-check. Such heuristics we will call domain-heuristics.

Experimental results from Wallace and Freuder clearly indicate that arc-heuristics
influence the average performance of arc-consistency algorithms [13]. Gent et al have
made similar observations [5].
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Bessière, Freuder, and Régin present another class of arc-consistency algorithms
called AC-7 [1]. AC-7 is an instance of the AC-Inference schema, where support-checks
are saved by making inference. In the case of AC-7 inference is made at domain-level,
where it is exploited that Mij = MT

ji , where ·T denotes transposition. AC-7 has an
optimal upper bound of O(ed2) for its worst-case time-complexity and has been reported
to behave well on average.

In their paper, Bessière, Freuder, and Régin present experimental results that the
AC-7 approach is superior to the AC-3 approach. They present results of applications
of MAC-3 and MAC-7 to real-world problems. Here MAC-i is a backtracking algorithm
which uses AC-i to maintain arc-consistency during search [8].

In [12] van Dongen and Bowen present results from an experimental comparison be-
tween AC-7 and AC-3b which is a cross-breed between Mackworth’s AC-3 and Gaschnig’s
DEE [4]. At the domain-level AC-3b uses a double-support heuristic. In their setting,
AC-7 was equipped with a lexicographical arc and domain-heuristic. AC-3b has the same
worst-case time-complexity as AC-3. In van Dongen and Bowen’s setting it turned out
that AC-3b was more efficient than AC-7 for the majority of their 30, 420 random prob-
lems. Also AC-3b was more efficient on average. These are surprising results because
AC-3b—unlike AC-7—has to repeat support-checks because it cannot remember them.
The results are an indication that domain-heuristics can improve arc-consistency algo-
rithms.

AC-3d is another arc-consistency algorithm which uses a double-support heuristic
[11,10]. It also maintains the benign space-complexity of AC-3. Experimental results
suggest that AC-3d is a good algorithm. For example, in all test cases between AC-3,
AC-3d and AC-7 which were considered in [11,10] AC-3d was always first or second
best. The test cases considered both time on the wall and support-checks. For about one
out of two cases AC-3d was the best. For the time on the wall these results are not as
accurate as possible because algorithms were not carried out on the same machine (but
times were adjusted to overcome the difference in CPU time). At the moment we are in
the process of carrying out a comprehensive comparison between AC-3d and AC-2001
[2]. Initial results are encouraging. We will report on our findings in a future paper.

2.3 The General Problem

In this section we shall discuss the reasons for, and the consequences of, our decision to
study only two-variable CSPs.

One problem with our choice is that we have eliminated the effects that arc-heuristics
have on arc-consistency algorithms. Wallace and Freuder, and Gent et al showed that
arc-heuristics have effects on the performance of arc-consistency algorithms [13,5]. Our
study does not properly take the effects of arc-heuristics into account. However, later in
this section we will argue that a double-support heuristic should be used at domain-level.

Another problem with our simplification is that we cannot properly extrapolate aver-
age results for two-variable CSPs to the case where arc-consistency algorithms are used
as part of MAC algorithms. For example, in the case of a two-variable CSP, on average
about one out of every two support-checks will succeed. This is not true in MAC search
because most time is spent at the leaves of the search-tree and most support-checks in
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that region will fail. A solution would be to refine our analysis to the case where different
ratios of support-checks succeed.

We justify our decision to study two-variable CSPs by two reasons. Our first reason is
that at the moment the general problem is too complicated. We study a simpler problem
hoping that it will provide insight in the effects of domain-heuristics in general and the
successfulness of the double-support heuristic in particular.

Our second reason to justify our decision to study two-variable CSPs is that some
arc-consistency algorithms find support for the values in the domains of two variables
at the same time. For such algorithms a good domain-heuristic is important and it can
be found by studying two-variable CSPs only.

3 Two Arc-Consistency Algorithms

3.1 Introduction

In this section we shall introduce two arc-consistency algorithms and present a detailed
case-study to compare the average time-complexity of these algorithms for the case
where the domain-sizes of both variables is two. The two algorithms differ in their
domain-heuristic. The algorithms under consideration are a lexicographical algorithm
and a double-support algorithm. The lexicographical algorithm will be called L. The
double-support algorithm will be called D. We shall see that for the problem under
consideration D outperforms L.

3.2 The Lexicographical Algorithm L
In this section we shall define the lexicographical arc-consistency algorithm called L
and discuss its application to two by two matrices. We shall first define L and then discuss
the application.

L does not repeat support-checks. L first tries to establish its row-support. It does
this for each row in the lexicographical order on the rows. When it seeks support for
row i it tries to find the lexicographical smallest column which supports i. After L has
computed its row-support, it tries to find support for those columns whose support-status
is not yet known. It does this in the lexicographical order on the columns. When L tries
to find support for a column j, it tries to find it with the lexicographically smallest row
that was not yet known to support j.

Pseudo code for L is depicted in Figure 1. It is left to the reader to verify that the
space-complexity of the algorithm is O(d), where d = max(a, b). It is a straightforward
exercise to prove correctness [10].

Figure 2 is a graphical representation of all traces with respect to L. Each different
path from the root to a leaf corresponds to a different trace with respect to L. Each trace
of length l is represented in the tree by some unique path that connects the root and
some leaf via l − 1 internal nodes. The root of the tree is an artificial 0-th member of the
traces. The nodes/leaves at distance l from the root correspond to the l-th members of
the traces, for 0 ≤ l ≤ ab = 4.

Nodes in the tree are decision points. They represent the support-checks which are
carried out by L. A branch of a node n that goes straight up represents the fact that
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constant UNSUPPORTED = −1;

procedure L( a by b constraint M ) = begin
/* Initialisation. */
for each row r do begin

rsupp[r] := UNSUPPORTED;
for each column c do

checked[r][c] := UNSUPPORTED;
end;
for each column c do

csupp[c] := UNSUPPORTED;

/* Find row-support. */
for each row r do begin

c := 1;
while (c ≤ b) and (rsupp[r] = UNSUPPORTED) do begin

if (M?
rc = 1) then begin

rsupp[r] := c;
csupp[c] := r;

end;
c := c + 1;

end;
if (rsupp[r] = UNSUPPORTED) then

remove row(r);
end;

/* Complete column-support. */
for each column c do begin

r := 1;
while (r ≤ a) and (csupp[c] = UNSUPPORTED) do begin

if (not checked[r][c]) then
if (M?

rc = 1) then
csupp[c] := r;

r := r + 1;
end;
if (csupp[c] = UNSUPPORTED) then

remove col(c);
end;

end;

Fig. 1. Algorithm L

a support-check, say M?
ij , is successful. A branch to the right of that same node n

represents the fact that the same M?
ij is unsuccessful. The successful and unsuccessful

support-checks are also represented at node-level. The i-th row of the j-th column of a
node does not contain a number if the check M?

ij has not been carried out. Otherwise, it
contains the number Mij . It is only by studying the nodes that it can be found out which
support-checks have been carried out so far.

Remember that we denote the number of rows by a and the number of columns
by b. Note that there are 2ab = 24 = 16 different two by two zero-one matrices, and
that traces of different matrices with respect to L can be the same. To determine the
average time-complexity of L we have to add the lengths of the traces of each of the
matrices and divide the result by 2ab. Alternatively, we can compute the average number
of support-checks if we subtract from ab the sum of the average savings of each of the
matrices. Here, the savings of a matrix M are given by ab− l and its average savings are
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Fig. 2. Traces of L. Total number of support-checks is 58

given by (ab− l)/2ab, where l is the length of the trace of M with respect to L. Similarly,
we define the (average) savings of a trace to be the sum of the (average) savings of all
the matrices that have that trace.

It is interesting to notice that all traces of L have a length of at least three. Apparently,
L is not able to determine its support in fewer than three support-checks—not even if a
matrix does not contain any zero at all. It is not difficult to see that L will always require
at least a + b − 1 support-checks regardless of the values of a and b.

L could only have terminated with two checks had both these checks been successful.
If we focus on the strategy L uses for its second support-check for the case where its
first support-check was successful we shall find the reason why it cannot accomplish
its task in fewer than three checks. After L has successfully carried out its first check
M?

11 it needs to learn only two things. It needs to know if 2 is in the row-support and it
needs to know if 2 is in the column-support. The next check of L is M?

21. Unfortunately,
this check can only be used to learn one thing. Regardless of whether the check M?

12
succeeds or fails, another check has to be carried out.

If we consider the case where the check M?
22 was carried out as the second sup-

port-check we shall find a more efficient way of establishing the support. The check
M?

22 is a double-support check. It offers the potential of learning about two new things.
If the check is successful then it offers the knowledge that 2 is in the row-support and
that 2 is in the column-support. Since this was all that had to be found out the check M?

22
offers the potential of termination after two support-checks. What is more, one out of
every two such checks will succeed. Only if the check M?

22 fails do more checks have to
be carried out. Had the check M?

22 been used as the second support-check, checks could
have been saved on average.

Remember that the same trace in the tree can correspond to different matrices. The
Trace Theorem states that if l is the length of a trace then there are exactly 2ab−l matrices
which have the same trace. The shortest traces of L are of length l1 = 3. L finds
exactly s1 = 3 traces whose lengths are l1. The remaining l2 traces all have length
l2 = ab. Therefore, L saves (s1 × (ab − l1) × 2ab−l1 + s2 × (ab − l2) × 2ab−l2)/2ab =
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(3 × (4 − 3) × 24−3 + 0)/24 = 3 × 1 × 21/24 = 3/8 support-checks on average. L
therefore requires an average number of support-checks of ab − 3

8 = 4 − 3
8 = 3 5

8 . In
the following section we shall see that better strategies than L’s exist.

3.3 The Double-Support Algorithm D
In this section we shall introduce a second arc-consistency algorithm and analyse its
average time-complexity for the special case where the number of rows a and the number
of columns b are both two. The algorithm will be called D. It uses a double-support
heuristic as its domain-heuristic.

Pseudo code forD is depicted in Figure 3. It is easy to verify that the space-complexity
of the algorithm is O(a+b). The reader is referred to [10] for a correctness proof. Using
a simple program transformation technique the two for-each statements at the start of
the algorithm can be avoided. For our time-complexity results which are in terms of
support-checks these transformations make no difference. The reader is referred to [10]
for further detail.

D’s strategy is a bit more complicated than L’s. It will use double-support checks to
find support for its rows in the lexicographical order on the rows. It does this by finding
for every row the lexicographically smallest column whose support-status is not yet
known. When there are no more double-support checks left, D will use single-support
checks to find support for those rows whose support-status is not yet known and then
find support for those columns whose support status is still not yet known. When it
seeks support for a row/column, it tries to find it with the lexicographically smallest
column/row that is not yet known to support that row/column.

We have depicted the traces of D in Figure 4. It may not be immediately obvious, but
D is more efficient than L. The reason for this is as follows. There are two traces whose
length is shorter than ab = 4. There is s1 = 1 trace whose length is l1 = 2 and there
is s2 = 1 trace whose length is l2 = 3. The remaining s3 traces each have a length of
l3 = ab. Using the Trace Theorem we can use these findings to determine the number of
support-checks that are saved on average. The average number of savings of D are given
by (s1 × (ab− l1)×2ab−l1 + s2 × (ab− l2)×2ab−l2 + s3 × (ab− l3)×2ab−l3)/2ab =
(2 × 22 + 1 × 21 + 0)/24 = 5/8. This saves 1/4 checks more on average than L.

It is important to observe that l1 has a length of only two and that it is the result of
a sequence of two successful double-support checks. It is this trace which contributed
the most to the savings. As a matter of fact, this trace by itself saved more than the total
savings of L.

The strategy used by D to prefer double-support checks to single-support checks
leads to shorter traces. We can use the Trace Theorem to find that that the average
savings of a trace are (ab − l)2−l, where l is length of the trace. The double-support
algorithm was able to produce a trace that was smaller than any of those produced by the
lexicographical algorithm. To find this trace had a big impact on the total savings of D. D
was only able to find the short trace because it was the result of a sequence of successful
double-support checks and its heuristic forces it to use as many double-support checks
as it can. Traces which contain many successful double-support checks contribute much
to the total average savings. This is our third and last indication that arc-consistency
algorithms should prefer double-support checks to single-support checks.
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constant UNSUPPORTED = −1;
constant DOUBLE = −2;

procedure D( a by b constraint M ) = begin
/* Initialisation. */
for each row r do begin

rkind[r] := UNSUPPORTED;
rsupp[r] := UNSUPPORTED;

end;
for each column c do

csupp[c] := UNSUPPORTED;

/* Find row-support. */
for each row r do begin

c := 1;
/* First try to find support for r using double-support checks. */
while (c ≤ b) and (rsupp[r] = UNSUPPORTED) do begin

if (csupp[c] = UNSUPPORTED) then begin
/* M?

rc is a double-support check. */
if (M?

rc = 1) then begin
rkind[r] := DOUBLE;
rsupp[r] := c;
csupp[c] := r;

end;
end;

c := 1;
/* If r is still unsupported then try to find support using single-support checks. */
while (c ≤ b) and (rsupp[r] = UNSUPPORTED) do begin

if (csupp[c] �= UNSUPPORTED)then begin
/* M?

rc is a single-support check. */
if (M?

rc = 1) then
rsupp[r] := c;

end;
c := c + 1;

end;
if (rsupp[r] = UNSUPPORTED) then

remove row(r);
end;

/* Complete column-support. */
for each column c do begin

r := 1;
while (r ≤ a) and (csupp[c] = UNSUPPORTED) do begin

if (rsupp[r] < c) and (rkind[r] = DOUBLE) then
if (M?

rc = 1) then begin
csupp[c] := r;
rsupp[r] := c;

end;
r := r + 1;

end
if (csupp[c] = UNSUPPORTED) then

remove col(c);
end;

end;

Fig. 3. Algorithm D

3.4 A First Comparison of L and D
In this section we have studied the average time-complexity of the lexicographical algo-
rithm L and the double-support algorithm D for the case where the size of the domains
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Fig. 4. Traces of D. Total number of support-checks is 54

is two. We have found that for the problem under consideration D was more efficient on
average than L.

4 Average Time-Complexity Results

In this section we shall present average time-complexity results for L and D. The reader
is referred to [9] for proof and further information.

Theorem 2 (Average Time Complexity of L). Let a and b be positive integers. The
average time complexity of L over M

ab is exactly avgL(a, b), where

avgL(a, b) = a(2 − 21−b) + (1 − b)21−a + 2
b∑

c=2

(1 − 2−c)a.

Following [3, Page 59] we obtain the following accurate estimate.

Corollary 1.

avgL(a, b) ≈ 2a + 2b − 2 log2(a) − 0.665492.

Here, log2(·) is the base-2 logarithm. This estimate is already good for relatively small
a and b. For example, if a = b = 10 then the absolute error

| avgL(a, b) − (2a + 2b − 2 log2(a) − 0.665492) | / avgL(a, b)

is less than 0.5%.
We can also explain the results we have obtained for the bound in Corollary 1 in

the following way. L has to establish support for each of its a rows and b columns
except for the l columns which were found to support a row when L was establishing
its row-support. Therefore, L requires about 2a + 2(b − l). To find l turns out to be
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easy because on average a/2 rows will be supported by the first column. From the
remaining a/2 rows on average a/4 rows will be supported by the second column, . . . ,
from the remaining 1 rows on average 1/2 will find support with the log2(a)-th column,
i.e. l ≈ log2(a). This informal reasoning demonstrates that on average L will require
about 2a + 2b − 2 log2(a) support-checks and this is almost exactly what we found in
Corollary 1.

Theorem 3 (Average Time Complexity of D). Let a and b be non-negative integers.
The average time complexity of D over M

ab is exactly avgD(a, b), where avgD(a, 0) =
avgD(0, b) = 0, and

avgD(a, b) = 2 + (b − 2)21−a + (a − 2)21−b + 22−a−b

− (a − 1)21−2b + 2−b avgD(a − 1, b)
+ (1 − 2−b) avgD(a − 1, b − 1)

if a 
= 0and b 
= 0.

Let a and b be positive integers such that a + b ≥ 14. The following upper bound
for avgD(a, b) is presented in [9]:

avgD(a, b) < 2 max(a, b) + 2
− (2 max(a, b) + min(a, b))2− min(a,b)

− (2 min(a, b) + 3 max(a, b))2− max(a,b).

An important result that follows from the upper bound for avgD(a, b) is that D is
“almost optimal.” The proof relies on the fact that any arc-consistency algorithm will
require at least about 2 max(a, b) checks on average. Therefore, if 14 ≤ a + b, then
avgD(a, b)−avgA(a, b) < 2 for any arc-consistency algorithm A, hence the optimality
claim.

5 Comparison of L and D
In this section we shall briefly compare the average time-complexity of L and D. We
already observed in Section 3.2 that the minimum number of support-checks required by
L is a + b − 1. In Section 4 we have presented the bound avgD(a, b) < max(a, b) + 2,
provided that a + b ≥ 14. If a + b ≥ 14 and a = b then the minimum number of
support-checks required byL is almost the same as the average number of support-checks
required by D!

Our next observation sharpens the previous observation. It is the observation that on
average D is a better algorithm than L because its upper bound is lower than the bound
that we derived for L. When a and b get large and are of the same magnitude then the
difference is about a + b − 2 log2((a + b)/2) which is quite substantial.

Another important result is the observation that D is almost “optimal.” If a+ b ≥ 14
and if A is any arc-consistency algorithm then avgD(a, b)−avgA(a, b) < 2. To the best
of our knowledge, this is the first such result for arc-consistency algorithms.



74 M.R.C. van Dongen

6 Conclusions and Recommendations

In this paper we have studied two domain-heuristics for arc-consistency algorithms for
the special case where there are two variables. We have defined two arc-consistency algo-
rithms which differ only in the domain-heuristic they use. The first algorithm, called L,
uses a lexicographical heuristic. The second algorithm, called D, uses a heuristic which
gives preference to double-support checks. We have presented a detailed case-study of
the algorithms L and D for the case where the size of the domains of the variables is
two. Finally, we have presented average time-complexity results for L and D.

We have defined the notion of a trace and have demonstrated the usefulness of this
notion. In particular we have shown that the average savings of a trace are (ab − l)2−l,
where l is the length of the trace and a and b are the sizes of the domains of the variables.

Our average time-complexity results have demonstrated that D is more efficient than
A. Furthermore, we have demonstrated that D is almost optimal in a certain sense; if
a + b ≥ 14 then avgD(a, b) − avgA(a, b) < 2 for any arc-consistency algorithm A.

The work that was started here should be continued in the form of a refinement of our
analysis for the case where only every m-th out of every n-th support-check succeeds.
This will provide an indication of the usefulness of the two heuristics under consideration
when they are used as part of a MAC-algorithm. Furthermore, we believe that it should
be worthwhile to tackle the more complicated problems where there are more than two
variables in the CSP and where the constraints involve more than two variables. Finally,
we believe that it should be interesting to implement an arc-consistency algorithm which
does not repeat support-checks and which comes equipped with our double-support
heuristic as its domain-heuristic.
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Abstract. We consider configuration problems with preferences rather
than just hard constraints, and we analyze and discuss the features that
such configurators should have. In particular, these configurators should
provide explanations for the current state, implications of a future choice,
and also information about the quality of future solutions, all with the
aim of guiding the user in the process of making the right choices to
obtain a good solution.
We then describe our implemented system, which, by taking the soft
n-queens problem as an example, shows that it is indeed possible, even
in this very general context of preference-based configurators, to auto-
matically compute all the information needed for the desired features.
This is done by keeping track of the inferences that are made during the
constraint propagation enforcing phases.

1 Introduction

One of the most important features of problem solving in an interactive setting
is the capacity of the system to provide the user with justifications, or explana-
tions, for its operations. Such justifications are especially useful when the user is
interested in what happens at any time during search, because he/she can alter
features of the problem to facilitate the problem solving process.

Basically, the aim of an explanation is to show clearly why a system acted in
a certain way after certain events. In this context, explanations can be viewed
as answers to user questions like the following: Why isn’t it possible to obtain
a solution? Why is there a conflict between these parts of the system? Why did
the system select this component? Why does this parameter have to have this
value?

There are various formal definitions of explanation in the literature, which
differ with respect to the context in which explanations are put. The basic idea,
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in the context of searching for a solution, is that an explanation is a set of
“elements” of the problem that is sufficient to deduce another “element” whose
selection or removal has to be explained [5].

In this paper, we consider explanations in the context of an interactive system
that allows the user solve configuration problems. For these kinds of problems, it
is essential to take user preferences into account in finding an acceptable solution.
However, once these preferences are made known to the system, they will affect
its subsequent actions. As a result, answers to questions such as those above will
necessarily involve these preferences.

Previous studies of explanation in the context of problem solving have not
considered preferences: elements of the problem were simply taken as givens,
i.e. as either true or false, and inferences were made on this basis [1,5,7,3]. The
present work extends these studies by incorporating preferences into explana-
tions, when appropriate, at all stages of problem solving. As might be expected,
this enhancement involves special difficulties both in deriving and revising ex-
planations, which are discussed in later sections.

In addition to providing explanations, interactive systems should be able to
show the consequences, or implications, of an action to the user, which may be
useful in deciding which choice to make next. In this way, they can provide a
sort of “what-if” kind of reasoning, which guides the user towards good future
choices. Implications can be viewed as answers to questions like the following:
What would happen if part c could only take on these values? What would
happen if part c were added again?

Fortunately, this capacity can be implemented with the same machinery that
is used to give explanations. In the present work, we show how this feature can
also be extended to the case where there are preferences.

2 Configuration Problems

Configurators. A configurator [10,8,13,14] can be regarded as a system which
interacts with a user to help him/her to configure a product. A product can
be seen as a set of component types, where each type corresponds to a certain
finite number of concrete components, and a set of compatibility constraints
among subsets of the component types. A user configures a product by choosing
a concrete component for each component type, such that all the compatibility
constraints as well as personal preferences are satisfied.

Personal preferences are established during interaction with the configurator
by incrementally posting “personal” constraints (which may be different from
user to user) over the component types. In some cases, component types are not
all known in advance, but arise only after the user has posted some of his/her
personal constraints.

Examples. A typical example of this scenario is the problem of configuring a
personal computer (PC) by choosing all its components. In this case, a compati-
bility constraint may say that some mother-boards are not compatible with some
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processors, and a personal constraint could say, for example, that only IBM hard
disks are desired.

Another example may concern the choice of a car, via the selection of all
its features (engine, chassis, color, ...). In this case, a compatibility constraint
could say that only some engines are available for some chassis, and a personal
constraint could say that the car should be red, or that the chassis should be
convertible.

A third example, where the component types are not known at the begin-
ning, is a PC configuration problem where the user can choose either a combo
CD/DVD driver or two single components. In this case, the new component
types (one or two) will appear only after the user has selected either the combo
system or the two components.

Desired features for configurators. In the interaction between a configurator and
a user, the user usually makes successive choices over the component types,
specifying in this way his/her personal constraints, and the configurator should
help him/her in several respects, mainly in trying to avoid conflicting situations,
where the user choices and the compatibility constraints are not consistent [6].
In fact, such conflicting situations would not lead to any complete product con-
figuration. Examples of desired help from the configurator are:

– the configurator should show the consequences of any possible future user
choice: this can help making the next choice in a way that avoids conflicts
both at the next step and also at the subsequent steps;

– as soon as a conflict arises, the configurator should show why such a conflict
has arisen, and what choice(s) could be retracted to come back to a non-
conflicting situation;

– a user choice could make some other choices unfeasible (because of the com-
patibility constraints): such unfeasible choices should be shown and justified
to the user.

Constraint-based configurators. Constraint-based technology is currently used in
many configurators to both model and solve configuration problems [1,10]. In this
approach, component types are represented by variables, having as many values
as the concrete components, and both compatibility and personal constraints are
represented as constraints over subsets of such variables. At present, user choices
during the interaction with the configurator are usually restricted to specifying
unary constraints, in which a certain value is selected for a variable. However,
they could be extended to more general non-unary constraints.

Whenever a choice is made, the corresponding (unary) constraint is added to
existing compatibility and personal constraints, and some constraint propagation
notion is enforced, for example arc-consistency (AC) [16], to rule out (some
of the) future choices that are not compatible with the current choice. While
providing justifications based on search is difficult, arc-consistency enforcing has
been used as a source of guidance for justifications, and it has been exploited to
help the users in some of the scenarios mentioned above. For example, in [5], it is
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shown how AC enforcement can be used to provide both justifications for choice
elimination, and also guidance for conflict resolution. Other related approaches
to providing justifications and explanations can be found in [7,17].

In constraint-based configurators, explanation elements are usually con-
straints, including previous user assignments. Therefore, an explanation is a set
of constraints (either those belonging to the original problem, or assignments
made during search) that is sufficient to deduce some other constraints, as for
example the removal of a value from a domain, or the forced assignment of a
variable.

3 Preferences in Constraints and Configurators

In this paper we follow the same approach as in [5], in the sense that we use
constraint-based technology and we provide explanation and conflict-resolution
help via AC enforcing. However, we do this in the more general context of
preference-based configurators. In fact, the configurator scenario we have de-
scribed in the previous section assumes that both the compatibility constraints
and the user constraints are hard, that is, they are either satisfied or violated.

In many real-life applications, however, both these kinds of constraints may
instead be just preferences, thus allowing for more than two degrees of satisfac-
tion. For example, in a car configuration problem, a user may prefer red cars, but
may also not want to completely rule out other colors. Thus red will get a higher
preference with respect to the other colors. In a PC configuration problem, some
combinations of mother-boards and processors may be preferable to others.

Soft constraints. Preferences, or soft constraints as we may call them, can eas-
ily be modeled as classical constraints where each combination of values for
the variables is associated to an element, which is usually interpreted as the
preference for that combination, or its importance level [2]. Note that variable
domains can be seen as unary constraints, thus it is also possible to associate
preferences to single variable values. The elements which are used as preference
levels have to be ordered, in order to know which elements represent higher (or
lower) preferences.

Given a set of soft constraints, a complete variable assignment inherits its
preference level by combining the preference levels it selects in the constraints.
Solutions are therefore ranked by their preference level, and thus soft constraint
problems are constraint optimization problems, where one usually looks for an
optimal solution, that is, a solution which has the highest preference level (ac-
cording to the ordering of the preference levels).

For example, a typical soft constraint scenario, that we will use extensively
in this paper, is the fuzzy constraint framework [11,4], where preferences are real
numbers between 0 and 1, with a higher number denoting a higher preference,
and are combined via the minimum operator. Thus the preference value of a
solution is the minimum among the preference values selected by this solution
on the constraints, and the best solutions are those with maximum preference
value.
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In another scenario, one may want to minimize the sum of the costs (which
are usually real numbers). Note that even classical hard constraints could be
seen as soft ones, where there are just two levels of preference (allowed and not-
allowed), with allowed better than not-allowed, and with logical AND as the
combination operator.

More complex structures and orderings can be used in this context, to provide
a more sophisticated way of comparing solutions. For example, one may want
to both maximize the minimum preference and also to minimize the sum of
the costs. In this way, solutions will be partially ordered according to these two
criteria. See [2] for more details about soft constraints.

Search and AC enforcing in soft constraint problems. While searching for a solu-
tion can be done via a backtracking search, interleaved with constraint propaga-
tion, searching for an optimal solution requires a branch-and-bound approach1,
which again can be interleaved with constraint propagation. In fact, the presence
of soft constraints, in some cases like the fuzzy one, does not preclude the use
of constraint propagation algorithms (see [2] for a formal proof of a sufficient
condition for the safe application of soft constraint propagation).

However, there is a fundamental difference between constraint propagation
for hard constraints and for soft ones. Let us consider AC enforcing to make
it simple, and also because we will use AC in this paper. In the hard case
AC enforcing performs the following change over the domain Di of variable
xi: Di := {d ∈ Di such that, for any other variable xj , there exists dj ∈ Dj

with 〈di, dj〉 satisfying the constraint cij between xi and xj}. That is, values for
variable xi that are not compatible with any other variable are deleted from the
domain of xi. It is easy to see that value elimination can be seen as a form of
preference decrease: from allowed to not-allowed.

Instead, soft AC enforcing over fuzzy constraints performs the following:
for each di ∈ Di, consider its preference value p(di); then p(di) is set to
maxxj∈V,dj∈Dj min(p(di), p(dj), p(〈di, dj〉)}. That is, values are not deleted, but
the preference level of each tuple is adjusted by considering other constraints.
It is important to notice that running soft AC over soft constraint problems is
polynomial in the size of the problem (as is AC over hard constraint problems).
More precisely, in a soft constraint problem with n variables, d elements in each
variable domain, and l preference values, soft AC takes at worst n3×d3× l steps.

Explanations and preferences. The concept of “best” explanation is not uniquely
determined, because it depends on the domain model one works with. The most
used criterion for choosing how to compute explanations is that the best ex-
planation is the minimal one, with respect to its cardinality [5,17,7]. Another
way to solve this problem is to put some preferences into the problem, so that
explanations are ordered and one best explanation exists.

In [15] the main idea is that there could be many domain models that compete
as a basis for an explanation (but to compute an explanation, the author uses
1 An alternative strategy is local search, but we will not consider it in this paper.
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only a part of the model, called “view”). Therefore, the explainer has to choose
the appropriate view that answers the question in the right context. The selection
criteria are called “preferences” and are functions that compare the possible
views of the models to order them and to give to the user the most appropriate
explanation.

We use preferences in a different way: in our system, preferences are given to
the constraints of the problem by a user, and they represent the importance of
the constraints in the problem. Then, explanations are sequences of constraints,
which have been added by the user during the interaction with the system.
We then compute explanations describing why the preferences for some values
decrease, and suggesting at the same time which assignment has to be retracted,
in order to maximize the evaluation of a solution.

Desired features for preference-based configurators. It is now clear that config-
urators with soft constraints should help users not only to avoid conflicts or to
make the next choice so that a smaller number of later choices are eliminated,
but also to get to an optimal (or good enough) solution. More precisely, when
the user is about to make a new choice for a component type, the configurator
should show the consequences of such a choice in terms of conflicts generated,
elimination of subsequent choices, and also quality of the solutions. In this way,
the user can make a choice which leads to no conflict, and which presents a good
compromise between choice elimination and solution quality.

As for the hard case, all this can be done via the help of the soft AC enforcing
algorithm, which is able to remember what caused a certain preference decrease.
Thus, when a user wants to know why a certain value has a certain preference,
which is lower than the initial one, the configurator is able to justify that, and
the justification is just a sequence of previous user choices.

Note that the configurator must remember a sequence of previous choices,
and not just one, as in the hard case, because here preferences can be lowered at
several stages. For example, suppose a preference changes from 1 to 0.7 because
of use choice C1, then from 0.7 to 0.4 because of another choice C2. Then, when
a user wants to know why the current preference of 0.4, the system must give
him/her both C1 and C2 (in the correct sequence) as the reason. In fact, this is
the whole history of the causes that produced the current preference. It is crucial
to record the whole history, and not just the last preference change, since we
must also be able to retract some steps and go back to previous states.

Summarizing, the questions that a preference-based configurator must be able
to answer include the following: Why has this configuration (or this component)
such a preference level? Why did this sequence of choices lead to a conflict?
What should I do to remove this conflict? What effect will this choice have on
the future choices and on the quality of the solutions? In particular, are there
choices that will lead to a conflict?

While the first two questions refer to a situation in which a user tries to
understand the consequences of what has been done already, the last one tries
to prevent undesired consequences by guiding the choices of the user towards
good solutions and no conflict.
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4 A Case-Study

We developed a system which shows the above mentioned features for preference-
based configurators in the context of a variant of the n-queens problem where
fuzzy preferences have been added. The system is available at the URL
http://www.math.unipd.it/˜frossi/soft-config.html.

N-queens with preferences. In the n-queens problem, n queens must be placed
on a n by n board in such a way that no queen can attack each other. Recall that
a queen attacks any other queen which is on the same row, column, or diagonal.

This problem is only apparently far from the configuration scenario we have
described above. In fact, each queen can be seen as a component type, and the
concrete components for a type are the positions for the queen. Moreover, the
attack rules for the queens are the compatibility constraints, and positioning
a queen in a certain cell means choosing a certain concrete component for a
component type. A solution to the n-queens problem is therefore a complete
configuration where, for each component type, we have chosen a concrete com-
ponent, in such a way that the compatibility constraints are satisfied.

Notice that, in this system, all the component types (that is, the rows) are
known at the beginning. Moreover, the user choices (that is, the queen position-
ings) are just unary constraints.

In this paper we consider a variant of the classical n-queens problem to
model preference-based configurators. In particular, we associate a preference
to each cell of the board, and also to each pair of positions within an attack
constraint. We use preference levels between 0 and 1, and we aim at maximizing
the minimum preference, as in the fuzzy framework [11].

As usual, we have one variable for each row, with the n cells of the row as
possible values, and thus constraints hold between two positions on the same
column and on the same diagonal. Notice that this implies that there is no
constraint between two positions on the same row.

Preference setting. In our system, the user can select any cell and he/she can
assign to it the desired preference level (the default one is 1). For the constraints,
we allow the user to give to each constraint a level of importance (always be-
tween 0 and 1, the default value is 1), from which we automatically obtain the
preferences to be assigned to all the pairs of values (recall that constraints are
all binary in the n-queens problem). More precisely, the preference level of a
pair will depend both on the level of importance of the constraint (the higher
the importance level is, the smaller the preference is for pairs under attack),
and on the distance between the elements of the pair (elements under attack
which are farther apart are tolerated more by giving them a higher preference
value). Figure 1 shows the graphical interface of our system, with the list of
possible preferences for cell (4,5), and, on the right, the buttons for setting the
importance level of the constraints (”Diagonal ur-bl”, which stands for the con-
straint over the diagonal from upper right to bottom left, ”Diagonal br-ul”, and
”Vertical”).
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Fig. 1. Graphical interface of our system, with the preferences for cell (4,5).

After the preference setting phase, the user can run an initial soft AC en-
forcing algorithm via the ”initial AC” button, which, as mentioned above, may
possibly decrease the preferences of the cells. We recall that enforcing soft AC
is polynomial in the size of the given soft constraint problem.

Queen positioning. To position a queen on a cell, we just have to click on the
cell with the left mouse button. This will put a queen in that cell, and will also
automatically run AC again after the positioning. Thus the content of the cells,
i.e., their preference level, may be lowered after the positioning of the new queen.
In particular, if the level of preference of a cell gets to 0 (the lowest value, which
indicates a complete conflict), the cell is grayed out and an x is shown in the cell
(see Figure 4).

Since a queen positioning triggers soft AC, the complexity of this operation
is O(n3 × d3 × l).

Once a queen has been placed on the board, its position can be changed. If
we want to move a queen to another cell of the same row, we can just click with
the left mouse button on the new position. We can also retract the position of
the latest queen that has been put on the board, via the “step back” button on
the right. By clicking on this button, the last queen disappears and the last run
of AC enforcing is retracted. This means that we go back to the state before the
queen positioning.

Some queens can also be positioned by the system, without any input from
the user. This happens where there is no other way to position a queen without
leading to a conflict. For the cells that have been automatically filled with a
queen by the system, the explanation is the set of all other cells of the same row,
which have all preference level 0, and which in turn have their explanation lists.
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5 Explanations

Our system computes several kinds of information during its interaction with a
user. In particular, it is able to explain why a cell has a certain current preference
level, showing the causes for this level. Moreover, it is also able to maintain the
correctness of this information between state changes which involve new queen
positionings or retractions or previously positioned queens.

Explanations for the cell preferences. At any moment, the cells of the board
show their current preference level. Figure 2 shows a state of the system, where
a queen has already been positioned in cell (4,5). In this state, the vertical
constraints preference level has been set to 0.5, the diagonal up-right to bottom-
left constraints preference has been set to 1.0, the other diagonal constraints
preference has been set to 0.9. The value shown in each cell is its preference
level. For example, cell (1,2), which has been highlighted via a circle and an
arrow, has been given a preference level of 0.3.

Fig. 2. Each cell shows its current preference level.

To ask for explanations about the current preference of a certain cell, the user
can click on the cell with the right mouse button, and a sequence of past choices
(that is, queen positions) will appear in the lower panel of the graphical interface.
For example, in Figure 3 we have asked for the explanation of the preference of
cell (6,5) (after three queen positionings), and we have got the following list
of choices: Queen(4,5) --> 0.6, Queen(3,2) --> 0.3 (see lower panel of the
graphical interface). This means that the current preference for cell (6,5), which
is 0.3, has been caused by the positioning of a queen in cell (4,5), which lowered
the preference from 1 to 0.6, and by a later positioning of a queen in cell (3,2),
which has lowered the preference from 0.6 to 0.3. In the same style as in [5], we
can also show the list of explanations as a tree, in the left panel, as shown in
Figure 3.
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In this example, the “explanation” contains more than what is strictly suf-
ficient. This is because in some cases, the entire sequence of choices may be
required to explain the current preference. As yet, our system does not dis-
tinguish these cases, but instead gives an historical rather than a strictly (or
minimal) logical explanation.

Fig. 3. Explanation: list (lower panel) and tree (left panel).

This representation of the explanation for the preference level of a cell may
help the user in both understanding why we are in a certain situation, and also
in possibly retracting some previous choices, which are shown to be the causes
for a certain low preference in some cells.

From the implementation point of view, to keep track of the explanations
for each cell, we associate a list of queen positions and preference levels to each
variable value (that is, a cell). At the beginning, such lists are empty. Whenever
AC is enforced, if a cell, say C, gets a new lower preference, say p, because of a
queen positioning, say Qij, the list for C is augmented with a new element, which
contains the pair (Qij, p). Thus, at any moment, the list for cell C contains the
sequence of queen positionings which are the causes for the preference changes,
from the initial level to the current one.

This bookeeping is interleaved with the soft AC enforcing, since at each AC
step we may need to add an element to the list associated to a certain cell.

Notice that the explanation generated for a cell does not depend on the way
AC is performed (that is, the order in which AC considers the variables and
their values), but only on the sequence of queen positionings. Moreover, the
preference value of a cell depends only on the set of queen positionings, i.e. it
does not depend on the order in which the queens are put on the board.

However, the explanation does depend on the order of previous queen posi-
tionings. In fact, the cause for the current level of preference of a cell, in general,
is not just the last queen positioning which changed that level of preference,
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but includes also earlier positionings. This is proved by the existence of cases
where performing a certain queen positioning, say P, at the beginning, or af-
ter some other queen positionings, say P1, . . . , Pn, leads to different preference
values. This means that, in the second case, P is not the only cause for the
current preference value. Thus the explanation for the current preference value
of a cell should include all queen positionings which have decreased the level of
preference of that cell.

Changing state. In our system, a state of the computation is the current state of
the board (queen positions and cells preferences), plus the current explanation
for each cell, which, as explained above, is a list of previous choices and preference
levels. This state can be changed in several ways and for several reasons.

First, we can change the state by positioning a new queen. This means going
forward towards a complete solution. Or, we may also go back, because we are
not satisfied with the current state. In fact, we may not like the current state
because it is a conflict state, that is, some row without a queen has 0 preference
values in all its cells. Or we may want to change the state because we don’t like
the preference values of the cells in the current state. In both cases, we may want
to change the state by either retracting the last step, or some previous step.

It is easy to see that, in a state change, the most expensive and complex
operation is the update of the explanation lists. It is then easy to imagine that,
if we want to retract the last choice, the state change is not so difficult nor
expensive, since it just involves the deletion of some last elements from some
lists. Thus we just need to go through all the lists (as many as the cells, or, in
general, the number of domain values in all domains) and check whether the last
element is the queen positioning we want to retract. Thus, if a problem has n
variables and d elements in each variable domain, the time complexity of this
operation is O(n × d).

However, if we need to change the position of a queen which is not the last one
to have been positioned, then the lists of explanations require careful handling.
In fact, such a queen may appear in the middle of an explanation list, and thus its
deletion requires the re-computation of everything that is after it in the lists. In
principle, to compute the new state after a queen move, we can truncate each list
up to the element containing this queen, if any, and redo the queen positionings
which are contained in the lists in successive positions. In this way, we have the
state obtained after all the previous choices, and in the same sequence, except
the choice related with the queen that we have moved. After this, we put the
queen in the new position.

Thus we need to go through all the elements of all lists (and there are
O(n × d × n) of them), to truncate them, and then we need to redo at most
n positionings, which take O(n3 ×d3 × l) each. Thus the time complexity of this
kind of state change is O(n2 × d + n4 × d3 × l) = O(n4 × d3 × l).

Note however that is not what is actually done in the implementation, since
there are several ways to recompute the new lists more efficiently. However,
this may give an idea of the added complexity given by the introduction of the
preferences. In fact, in the hard case, there is no need to keep a list of causes



Computing Explanations and Implications 87

for the preference changes, since each cell can be subject to just one change:
from allowed to not-allowed. Thus in the hard case we just need to remember at
most one queen positioning as the cause for the not-allowed state of the cell. In
the soft case, instead, we need to remember all the preference changes, and the
queen causing each of them.

6 Implications

Each user-system interaction, that is, a queen positioning or retraction, has
some consequence on the current and future states of the system. In fact, cell
preferences could be changed because of such events, and this can also affect
the global preference of complete assignments. Knowing the consequences of the
next move over the future evolutions of the entire system can help the user in
choosing such a move, in away that leads to an optimal solution quickly.

Our system shows two kinds of implications of a possible next move: the
number of cells that would be deleted (that is, that would get a 0 preference
level) if the move is performed, and an upper bound of the preference of a
complete solution. This data are however (at least for now) not used by the
system to suggest a best next move; this decision, based on heuristics, is left to
the user.

Deletions. As mentioned above, knowing the consequences of all future choices
may be helpful in understanding which is the most convenient choice to take
next. One such consequence is the number of cells where it will not be possible
to put any queen if we make a certain choice now. These are the cells that will
get a preference value 0 if we position a queen in a certain position.

More precisely, for every cell without a queen, say C, we can compute the
number of other cells which will be deleted if we put a queen in cell C. This is
done by making a copy of the current state, by adding a queen in cell C to such
a copy of the state, by running soft AC, and by counting the number of cells
that, in the resulting state, get a 0 preference.

The complexity of the overall computation is therefore O((n×d)×(n3 ×d3 ×
l + n × d)), that is, O(n4 × d4 × l + n2 × d2) = O(n4 × d4 × l).

By clicking on the button “deletions” on the right, each cell shows the number
of cells that will be deleted if we put a queen in that cell. Figure 4 shows the
board after we have clicked on the deletion button, and considering the same
setting as in Figure 2. For example, we can see that cell (3,3) contains the number
10. This means that, by putting a queen in cell (3,3), ten new cells would not
be allowed any longer.

This information can guide the user in making the next choice. There are
different possible heuristics that can be good to solve the problem. For example,
the user may want to choose the cell which generates the smallest number of
deleted cells, hoping to avoid a conflict. Or, like in the first-fail heuristics, the
user may prefer the cell which generates the greatest number of deleted cells.
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Fig. 4. Deletions: each cell shows the number of cells that would be deleted if a queen
is positioned in this cell.

Upper bounds for solutions. When we have preferences, solutions are ranked by
their preference level. Thus the aim is to obtain an optimal, or good enough, so-
lution. The configurator should therefore guide the user towards good solutions.

This can be done by estimating the quality of the solutions which contain
a certain queen. More precisely, for each cell, say C, we can compute an upper
bound of the preference level of all solutions that contain a queen in cell C (and
all the queens already positioned). This can be done, for example, by making
a copy of the current state, positioning a queen in cell C, enforcing soft AC,
and then taking the minimum value among all preferences in the resulting state.
Since, by making more choices, the preference values can only decrease, and since
the preference of a solution is the minimal preference among all those in the final
state, this value is certainly an upper bound to the value of all solutions that
contain a queen in cell C (and all the previously positioned queens).

The complexity of this operation, for all cells, is therefore O(((n×d)× (n3 ×
d3 × l)) + (n × d)), that is, O(n4 × d4 × l).

Figure 5 shows the upper bounds computed for each cell, which can be seen
by clicking on the “UB solution” button on the right. For example, cell (8,9)
shows a value of 0.4. This means that, by putting a queen in this cell, we cannot
hope to obtain solutions with preference values higher than 0.4.

Thus users will tend to choose cells with a higher upper bound, hoping to
get better solutions. However, it is expected that the user will sometimes have
to consider a trade-off between the possibility of better solutions and the risk of
conflict (which is partly described by the number of deletions for that cell).

7 Getting an Optimal Solution

Once the user has positioned all the queens, he/she has obtained a complete
configuration with a certain preference level (given, we recall, by the minimum
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Fig. 5. Solution upper bounds: each cell shows an upper bound to the quality of the
solutions which are compatible with a queen in this cell.

of all the preferences in all constraints and domains), which is shown in the lower
panel. Figure 6 shows a complete solution with preference level 0.5.

Fig. 6. A complete solution, with preference level 0.5.

But this configuration is not necessarily an optimal one. If the user is satisfied
with the preference level of the obtained solution, he may stop the interaction
with the configurator. However, the configurator should help him/her also in the
case he/she wants to get a better solution. In our system, this is done as follows:

– the configurator checks (in a possibly incomplete way) whether the obtained
solution is optimal or not;
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– if the configurator cannot conclude that we have an optimal solution, it
suggests that the user start again with an empty board and the initial pref-
erences; however, it first lowers to 0 all those preferences which are lower
than or equal to the preference of the last solution found. In this way, if a
new solution will be found, it will certainly be better than the last one.

For example, in our system, the configurator checks the optimality of an
obtained solution in an incomplete way as follows: it creates a copy of the initial
state where all the preferences lower than, or equal to, the solution preference
are set to 0, and it checks whether there is a variable whose domain elements
all have preference 0. If so, it communicates to the user that the solution is an
optimal one. Otherwise, it says that there could be better solutions. In Figure
6, we see a solution which is not optimal, while in Figure 7 we have an optimal
solution.

Fig. 7. An optimal solution, with preference level 1.

8 Conclusions and Future Work

We have investigated the scenario of configuration problems with preferences
rather than just hard constraints, and we have shown that, even in this very gen-
eral context, it is possible to build explanations and implications automatically
by keeping track of the inferences that are made during constraint propagation.
However, the process of recording the necessary information is more complex
and expensive than in the hard case, since in general a sequence of previous
choices has to be recorded for each possible choice, and not just one as in the
hard case.

Many extensions of this work are possible. For example, in our system for
now we can handle only fuzzy constraints. However, our theoretical setting can
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allow for many generalizations, provided that some conditions are met for the
correct application of constraint propagation algorithms [2].

Another extension involves the use of preferences not only to model the
relation among the parts of a product (that is, the initial state of our system),
but also to express the user desires during his/her interaction with the system.
In fact, after some moves, a user may want to express some preferences that were
not clear at the beginning of the interaction. This extension would allow also
for the addition of new constraints. This would allow us to have an incremental
model of the product to be configured, as suggested by [12,9].
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Abstract. Expert systems constitute one of the most successful applica-
tion areas for Artificial Intelligence techniques; they have been deployed
in many areas of industry and commerce. If-then rules are the core knowl-
edge representation technology in currently deployed systems. However,
if we replace rules by constraints, we get improved expressiveness in
knowledge representation and richer inference.

1 Introduction

An expert system [5] is a program which mimics human problem-solvers, in
several senses: it contains an explicit representation of the knowledge which is
used by humans who are expert at solving tasks in some problem domain; its
reasoning process mimics that of the human experts; it elicits data from its
users in a fashion similar to that used by a human expert who questions his
client during a consultation; it can explain its answers to its users in the same
way as a human expert can explain his conclusions to his clients. Expert systems
constitute one of the most successful application areas for Artificial Intelligence
(AI) techniques - they have been assimilated into the mainstream where they
are widely deployed, frequently in concert with non-AI software technologies
[8,10,11,12].

In currently deployed expert systems, knowledge about the problem domain
is represented in the form of if-then rules. There are two kinds of rules [5]:
imperative rules, where the consequent of a rule specifies some operation(s)
to be performed if the antecedent is satisfied; and declarative rules, where the
consequent of a rule specifies some fact which is implied by the truth of the
antecedent.

In this paper, it is argued that, if constraints are used instead of declarative
rules, improved functionality is achieved: constraints provide a richer expressive
medium than rules; constraints support a richer form of inference than rules.

The rest of this paper is organised as follows. First, a review of constraint-
based reasoning is given, with particular emphasis on interactive processing.
Then the notion of using constraints to build interactive expert systems is ex-
plored, with particular emphasis on mixed-initiative information acquisition dur-
ing interactive processing. Following this, constraint programming is related, in
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a model-theoretic fashion, to Predicate Calculus, with particular emphasis on
a treatment of constraint satisfaction as model completion. The approach is il-
lustrated by means of an example expert system for selecting a laptop to meet
a user’s needs; in this discussion, emphasis is placed on the expressiveness of
constraint-based knowledge representation. Then, it is explained that constraint
propagation provides a richer form of inference than that supported by rule-
based systems, because it supports modus tollens as well as modus ponens.

2 Constraint-Based Reasoning

In the literature, several different definitions are given for constraint networks,
with varying degrees of formality. However, they may all be regarded as varia-
tions of the following theme:

Definition 1, Constraint Network:
A constraint network is a triple 〈D,X,C〉. D is a finite set of p > 0
domains, the union of whose members forms a universe of discourse, U .
X is a finite tuple of q > 0 non-recurring parameters. C is a finite set of
r ≥ q constraints. In each constraint Ck(Tk) ∈ C, Tk is a sub-tuple of
X, of arity ak; Ck(Tk) is a relation, a subset of the ak-ary Cartesian
product Uak . In C there are q unary constraints of the form
Ck(Xj) = Di, one for each parameter Xj in X, restricting it to range
over some domain Di ∈ D which is called the domain of Xj .

The overall network constitutes an intensional specification of the simultane-
ous value assignments that can be assumed by the parameters. In other words,
the network constitutes an intensional specification of a q-ary relation on Uq, in
which each q-tuple provides an ordered group of values, each value being an as-
signment for the corresponding parameter in X. This implicitly specified relation
is called the intent of the network:

Definition 2, The Intent of a Constraint Network:
The intent of a constraint network 〈D,X,C〉 is

ΠD,X,C = C1(X) ∩ ... ∩ Cr(X),
where, for each constraint Ck(Tk) ∈ C, Ck(X) is its cylindrical
extension [4] in Uq.

Note that the definitions given above admit infinite domains, implying that
the universe of discourse U may be infinite and that the constraint relations
may be infinite, thereby making it possible that the intent of a network may be
an infinite relation. In finite-domain networks, the domains and constraints are
usually specified extensionally; in networks which contain infinite domains and
relations, these domains and relations must, necessarily, be specified intension-
ally.

Many different forms of constraint satisfaction problem (CSP) have been
distinguished. The forms of CSP encountered most frequently in the literature
can be defined in terms of a network intent as follows:
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Definition 3, The Decision CSP:
Given a network 〈D,X,C〉, decide whether ΠD,X,C is non-empty.
Definition 4, The Exemplification CSP:
Given a network 〈D,X,C〉: return nil if ΠD,X,C is empty; otherwise,
return some tuple from ΠD,X,C.
Definition 5, The Enumeration CSP:
Given a network 〈D,X,C〉, return ΠD,X,C.

The Exemplification CSP is the one most commonly addressed by algorithm
researchers. Solving the Exemplification CSP is frequently used as a surrogate
for solving the Decision CSP. The Enumeration CSP is rarely addressed; it is
sometimes solved analytically (in the case of infinite-domain problems) or, in the
case of finite-domain problems, by finding all solutions to the Exemplification
CSP.

2.1 Interactivity

Most research on constraint processing has focus on autonomous problem-solving
by machines. Many real-world applications, however, require interactive deci-
sion support rather than automated problem-solving. Consequently, recent con-
straints research has involved interactive processing. In [3] , for example, Exem-
plification CSPs are solved by an interactive version of the MAC algorithm, in
which search moves are made by a user assigning values to network parameters,
while the machine performs constraint propagation (arc-consistency) after each
move by the user.

In [2], a more general form of interactive processing was introduced. This was
based on a new form of CSP called the Specialization CSP:

Definition 6, The Specialization CSP:
Given a network 〈D,X,C〉: return nil if ΠD,X,C is empty; otherwise,
return (i) a set A of additional constraints such that ΠD,X,C∪A

contains exactly one tuple and (ii) this tuple.

If the given network has an empty intent, the task is, as in the Exemplification
CSP, to identify that fact. If the given network has a non-empty intent, the task
includes, as in the Exemplification CSP, finding a group of consistent assignments
for the network parameters. However, whereas solving the Exemplification CSP
involves searching through the space of possible parameter assignments, solving
the Specialization CSP involves searching through the space of possible con-
straints. When the Exemplification CSP is being solved interactively, the user
directs the search by inputting parameter assignments (which, of course, are
constraints of a restricted form). By contrast, when the Specialization CSP is
solved interactively, the user can input arbitrary constraints.

In fact, applications based on the Specialization CSP have been around for
quite a few years [13, 14]. Related application work includes [15, 16, 17].
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3 Constraint-Based Interactive Expert Systems

While not all expert systems interact with human users (process control expert
systems, for example, interact with process sensors and actuators), most do. The
general scenario is that the expert system should advise the user by determining
the value for certain crucial characteristics of a situation affecting the user. This
form of decision-support can be accomodated in constraint-based reasoning if
we define a new form of CSP, as follows.

Definition 7, The Targeted Specialization CSP:
Given a network 〈D,X,C〉 and a sub-tuple T of X: return nil if
ΠD,X,C is empty; otherwise return (i) a set A of additional constraints
such that ΠD,X,C∪A

T contains exactly one tuple and (ii) this tuple.

An expression of the form ΠD,X,C
T denotes the projection of a network intent

onto the sub-tuple of the network parameters that are in T. This projection is a
relation in which each tuple provides an ordered group of values which, if they
are assumed by the corresponding parameters in T, will satisfy the constraints.
Thus, given a network with a non-empty intent, the task posed by the Targeted
Specialization CSP is to find a group of consistent values for the targeted param-
eters. As in the case of the Specialization CSP, the task of interactively solving
the Targeted Specialization CSP involves receiving information from the user
and propagating it throughout the network. As in the Specialization CSP, the
information from the user may be arbitrary constraints.

3.1 Knowledge Representation in a Constraint-Based Expert
System

Generic Domain Knowledge. In a constraint-based expert system, the do-
main knowledge embedded in the system consists of the constraints C in a
network 〈D,X,C〉. The intent of this network will be non-empty – otherwise,
the constraints would be just an inconsistent set of assertions, rather than a
coherent body of expertise about a class of situations that affect the users of the
expert system.

Instance-specific Knowledge. Information about the problem instance af-
fecting a particular user is represented by a set, A, of additional constraints
which are received from the user. A complete description of a problem instance
consists, therefore, of C∪A – all constraints, both those representing the generic
domain knowledge, C, and those representing the information about the specific
problem instance, A, must be satisfied.

The advice from the expert system to the user consists of the values for the
target parameters, T, that are admitted by the constraints in C ∪ A – that is,
the advice consists of the single tuple in ΠD,X,C∪A

T .
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3.2 Mixed-Initiative Acquisition of Information

Mixed-initiative interaction is a desirable feature of intelligent programs. Achiev-
ing it is the subject of ongoing research – a workshop on the topic was organized
at AAAI-99 [1].

In expert systems, supporting mixed-initiative interaction means enabling an
appropriate balance between machine-generated questions and user-volunteered
facts. Backward-chaining through declarative rules involves machine-driven ac-
quisition of information about a specific problem instance: the system’s hypothe-
ses comprise the roots of a set of interlaced trees whose leaves represent possible
data points; when considering a hypostheis, the system backward-chains from
the root to its leaves, asking questions about these; when a root is found, all of
whose leaf nodes receive positive answers from the user, modus ponens inference
causes the expert system to derive the truth of the hypothesis corresponding
to the root. Forward-chaining through declarative rules involves matching user-
volunteered facts with leaf nodes and using modus ponens to derive a conclusion
corresponding to some root. Mixed-initiative interaction with expert systems
based on declarative rules involves some mixture of backward- and forward-
chaining.

The interactive constraint-based systems which have been reported in the
literature involve users volunteering information – in [3], for example, the user
volunteers parameter assignments. This, and the fact that inference in constraint-
based systems is called constraint propagation, may seem to imply that interac-
tion in constraint-based systems must be user-driven. However, this is not the
case. It is possible to use backward-chaining in constraint networks – given a
target parameter whose value it must determine, the system can question the
user about the immediately neighbouring parameters, or about their neighbours,
and so on. However, the very richness of interconnectivity in constraint networks
(including, for example, cyclical interdependence of parameters) means that it
is much more difficult to decide which parameters to ask the user about – op-
timal question-generation in interactive constraint-based expert systems is the
subject of ongoing research by the author of this paper [18]. While optimal
question-generation is still an open research topic, backward-chaining is already
being done – a system which questions the user about the parameters neigh-
bouring a target parameter will be illustrated below. Given that both backward-
and forward-chaining is possible in interactive constraint-based systems, mixed-
initiative interaction simply involves some mixture of the two – the system illus-
trated below supports mixed-initiative interaction.

4 Constraints and First-Order Predicate Calculus

Depending on the nature of the symbols that can appear in their antecedents
and consequents, declarative if-then rules are implication statements in either
propositional or predicate calculus. Constraints offer a much richer expressive-
ness than rules because constraints can provide the expressive power of the full
first-order Predicate Calculus (PC).
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When a first-order language, L, is used to discuss some universe of discourse,
U , the constant symbols of L denote elements in U , the function and relation
symbols of L denote functions and relations over U , while the logic variables
are quantified over U . Note that a universe of discourse, being a set of entities,
may be either a finite or an infinite set. If a universe of discourse is finite,
the Predicate Calculus is not essential – the Propositional Calculus provides
sufficient reasoning power.

However, there are other reasons for choosing a notation than just the power
of its associated reasoning system – otherwise, there would have been no need for
programming language developers to progress beyond machine code. In expert
systems, facility of user-input and perspicuity of system-output are just as im-
portant as speed of system-internal inference. Thus, even in applications having
finite universes of discourse, Predicate Calculus may be preferred to Proposi-
tional Calculus, simply because the greater expressive flexibility offered by the
Predicate Calculus enables knowledge to be represented in a more naturalistic
fashion – just as the father of a large family finds it easier to say that “”all my
children have left school” than to say that “Al, Bob, Cait, Dora, ..., Xavier, Yuri
and Zeev have left school”.

The discussion that follows will illustrate how, in applications having finite
universes of discourse, constraint-based technology offers both programmers and
users of expert systems the expressive flexibility of the full Predicate Calcu-
lus. It will also show how, in applications having infinite universes of discourse,
constraint-based technology offers almost the same flexibility – the only limi-
tation being that quantifiers must be relativized to finite subsets of an infinite
universe of discourse1.

4.1 Constraint Satisfaction as Model Completion

In [9], the current author first discussed the relationship between constraint satis-
faction and finding models in Predicate Calculus – Mackworth, in [7], discussed a
similar notion, the relationship between finite constraint satisfaction and finding
models in the Propositional Calculus.

The predicate calculus approach can be described as follows. Consider some
application domain for an expert system. The entities in this application domain
comprise a universe of discourse U . To discuss U , a first-order language, L, is
defined, with an associated partial model, Mp, which contains an interpretation,
in terms of U , for all function and predicate symbols of L and most, but not all,
of its constant symbols.

This language L can then be used to specify constraint networks, networks
in which the set of parameters will be the set of un-interpreted constant symbols
of L and in which the set of constraints will be a set S of sentences of L.
Any sentence of L, provided it references at least one of the un-interpreted
1 Theoretically, this limitation is not necessary – quantifiers can range of over infinite

universes of discourse. In practice, however, the constraint processing algorithms
that have been developed so far can process only relativized quantifiers.
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constant symbols of L, can be a constraint – even one containing arbitrarily
nested quantification2. From this perspective, it can be seen that CSPs become
model-completion problems. For example, the Exemplification CSP becomes the
task of computing, if one exists, a total model M of L such that M ⊃ Mp and
such that all the sentences in S are true under M, or, if no such model exists,
of returning the information that this is so. Similarly, if any model of L exists
which subsumes Mp and entails S, the Targeted Specialization CSP becomes
the task of computing a set Sa of additional sentences such that every model M,
M ⊃ Mp ∧ M |= (S ∪ Sa), has the same set of interpretations for the constant
symbols in T.

This approach to relating constraints and predicate calculus is quite different
from the CLP paradigm [6]. In CLP, a constraint network is treated as a goal (a
theorem to be proven); the clauses in a CLP program are not part of the network
– they define the semantics of application-specific relation symbols in the query.
Because a CLP network is treated as a query, network parameters correspond to
existentially quantified logic variables while constraints are restricted to a very
limited subset of PC utterances - arbitrary nesting of quantification, for example,
is prohibited in CLP. A key advantage of the model-completion approach over
CLP is that, since network parameters correspond to constant symbols (albeit
symbols in search of an interpretation) rather than logic variables, the parame-
ters can be referenced in multiple sentences; this is because usage of a constant
symbol, unlike usage of a logic variable, is not restricted to the lexical scope of
a single quantifier symbol within a single sentence. Thus, a parameter which is
referenced in sentences that form part of a generic network for an application
domain, can also be referenced in sentences input by the user to provide infor-
mation about his specific problem instance. Thus, this approach is better than
CLP at supporting user-interaction.

The greater expressiveness of the model-completion approach (the fact that,
subject to the caveats given earlier, arbitrary sentences of L can be used as
constraints) simply reinforces the benefits which are derived from the treatment
of parameters as constant symbols. It does, however, mean that, provided the
model completion approach is used, constraint-based reasoning offers greater
expressiveness for knowledge representation than rule-based reasoning.

4.2 Example

To illustrate the approach, consider a very simple expert system for selecting,
from a range of laptop computers, one which will best meet the needs of a user.

Language and Universe of Discourse. The universe of discourse comprises
the range of available laptops and the real numbers, the latter being present
2 Of course, constraint processing algorithms, in particular the type of consistency

processing algorithm that is discussed later in this paper, will be more likely to
achieve inferential completeness if either the universe of discourse is finite or all
quantifiers are relativized to finite subsets of the universe.
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because the user’s requirements (regarding CPU speed, RAM and disk space,
and machine weight), as well as the corresponding laptop characteristics, and
their prices, are numbers. Inspired by a laptop range manufactured by a certain
well-known firm, our universe of discourse U is 	 ∪ {c810, c410, c210, c110},
where 	 contains the real numbers while c810 etc. are laptops. Since U sub-
sumes 	, our language L contains symbols to discuss the members of 	 - that
is, L contains numerals (constant symbols interpreted to denote members of 	)
as well as predicate and function symbols, such as >=, *, etc., which are inter-
preted to denote standard relations and functions over 	. Since U contains the
laptops, L must also include some symbols to discuss these: a unary predicate
symbol, laptop, whose extension is the set of laptops; some unary function sym-
bols, speed, ramCapacity, diskCapacity, weight and price, which map from
the laptops onto the numbers that are the obvious laptop characteristics; and
constant symbols, such as c110, c210, etc., which are interpreted to denote the
obvious laptops. The symbols listed above have their interpretations defined in
the partial model Mp of L. The symbols which are not interpreted in Mp are
the constant symbols minSpeed, minRAM, minDisk and maxWeight (which, when
they are finally interpreted, should denote the obvious user requirements), and
chosenModel (which should denote the appropriate laptop).

Generic Domain Knowledge. The generic domain knowledge for our expert
system can now be expressed as a set of sentence in L. For example, the need
for the chosen laptop to satisfy the user’s computing requirements could be
expressed as a set of three ground atomic sentences

speed(chosenModel) >= minSpeed.
ramCapacity(chosenModel) >= minRAM.
diskCapacity(chosenModel) >= minDisk.

while the weight requirement could be expressed as

weight(chosenModel) =< maxWeight.

Suppose we wish to specify that the cheapest laptop which meets the user’s
computing requirements must be chosen. Given that the only money-related sym-
bol we have is the function price, how do we represent the notion of “cheapest”?
A laptop is “cheapest” if there is no other laptop whose price is less. Thus, our
specification above can be expressed in L as:

not exists X :
( laptop(X) and
price(X) =< price(chosenModel) and
speed(X)>=minSpeed and
ramCapacity(X)>=minRAM and
diskCapacity(X)>=minDisk ).

This PC sentence can be paraphrased in English as “there should not exist
any laptop which is cheaper than the chosen one and which also satisfies the
computing requirements”.



Constraint Processing Offers Improved Expressiveness and Inference 101

Note that the universe of discourse for this application is infinite – it sub-
sumes 	. However, the quantification in the constraint just given is relativized
to a finite subset of the universe – to the set of laptops. This relativization means
that the sentence is equivalent to a ground sentence, one in which all the avail-
able laptops are referenced by name. While this equivalance is what makes the
sentence tractable3 as a constraint, the freedom to use a quantifier in express-
ing the constraint makes for easier knowledge management – just like the father
mentioned earlier, who often finds it easier to refer to his large family collectively
instead of listing them individually by name.

In this simple application domain, a constraint using heavily nested quan-
tification would be very contrived. However, if we extended the scope of the
application to include, say, power supply systems around the world, then we
might need a certain degree of quantifier nesting – in a constraint referring to
worldwide rechargability, for example, one quantifier might range over the lap-
tops while another ranged over the power supply systems used in various parts
of the world.

Partial Model. An implementation of the model-completion approach to
constraint-based reasoning has been built by the author of this paper. An ex-
pert system for laptop selection built on top of this implementation consists of
the above five sentences plus some statements which specify (a) the application-
specific language L to which the sentences belong and (b) a partial model Mp for
L. It is assumed that every universe of discourse subsumes 	, so the implemen-
tation provides a set of pre-defined symbols for discussing 	 and a pre-defined
interpretation for all these symbols. Thus, in specifying a universe, a language
and a partial model for an application, all that needs to be done is to specify
the application-specific material. In an expert system for laptop selection, the
statements needed to provide the application-specific detail for L and Mp are
as follows:

domain laptop =::= {c810,c410,c210,c110}.
function speed(laptop) -> number

=::= { c810->1.2, c410->0.9, c210->0.6, c110->0.57 }.
function ramCapacity(laptop) -> integer

=::= { c810->1024, c410->1024, c210->256, c110->256 }.
function diskCapacity(laptop) -> integer

=::= { c810->68, c410->40, c210->20, c110->15 }.
function weight(laptop) -> number

=::= { c810->3.2, c410->2.9, c210->3.1, c110->2.7 }.
function price(laptop) -> integer

=::= { c810->3299, c410->2599, c210->1799, c110->1439 }.
chosenModel : laptop.
minSpeed : positive number.
minRAM : positive number.

3 To currently developed algorithms, at least.
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minDisk : positive number.
maxWeight : positive number.

These statements can be explained as follows. An application-specific universe of
discourse consists of the union of 	 with the application-specific domains. The
example expert system needs only one such domain, containing the laptops; it
is declared in the first statement above. This statement also introduces several
symbols into L: a unary predicate symbol, laptop, and four constant symbols,
c810, c410, c210 and c110. The statement implicitly defines the interpretation
of these symbols: the constant symbols are interpreted as the obvious members
of U while the unary predicate symbol is interpreted as denoting the set of
laptops. Each of the subsequent five statements introduces an application-specific
unary function symbol into L and defines its interpretation. Each of the final
five statements introduces a constant symbol into L. These symbols are not
interpreted, although the space of possible interpretations for each symbol is
restricted to a subset of U ; chosenModel, for example, must denote a laptop
while minSpeed must denote a member of 	+.

Network. The constraint network defined by the foregoing contains five con-
straints (one for each of the five sentences of generic domain knowledge specified
above) and five parameters (one for each constant symbol that is un-interpreted
in Mp).

The parameters are: chosenModel, minSpeed, minRAM, minDisk and
maxWeight. The domain of the parameter chosenModel is {c810, c410, c210,
c110}, while each of the other parameters has the domain {X|X > 0}.

Four of the constraints are binary – those corresponding to the sentences
of generic domain knowledge which specify that the chosen model must satisfy
the user’s computing and weight requirements. The fifth constraint, that corre-
sponding to the sentence of generic domain knowledge which specifies that the
cheapest satisfactory laptop must be chosen, involves five parameters.

The constraint relations corresponding to the sentences of generic domain
knowledge can be computed from the interpretations, in Mp, for the interpreted
symbols in each sentence. For example, consider the sentence

speed(chosenModel) >= minSpeed.

This is a binary constraint – it contains two constant symbols, chosenModel
and minSpeed, and, since neither of them is interpreted in Mp, they are both
parameters in the constraint network. The constraint relation which corresponds
to this sentence can be computed from the pre-defined interpretation for the
standard predicate symbol >= and the interpretation of the application-specific
function symbol speed. Remember that the interpretation of the function symbol
speed was defined above as follows:

function speed(laptop) -> number
=::= { c810->1.2, c410->0.9, c210->0.6, c110->0.57 }.
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Thus, the sentence speed(chosenModel) >= minSpeed means that if
chosenModel had the value c810, then 1.2 should be greater than or equal to the
value of minSpeed; similarly, if chosenModel had the value c410, then 0.9 should
be greater than or equal to the value of minSpeed; and so on. Thus, the sen-
tence speed(chosenModel) >= minSpeed corresponds to the following constraint
relation on the parameter pair 〈chosenModel, minSpeed〉:

{〈X, Y 〉|(X = c810 ∧ Y ≤ 1.20) ∨ (X = c410 ∧ Y ≤ 0.90)∨
(X = c210 ∧ Y ≤ 0.60) ∨ (X = c110 ∧ Y ≤ 0.57)}

How are quantified sentences handled? Instead of considering the quantified
sentence which specifies that the cheapest satisfactory laptop must be chosen, we
will consider the following shorter sentence, which specifies that the maximum
possible amount of RAM is needed:

not exists X : (laptop(X) and ramCapacity(X)>minRAM).

Its meaning is computed as follows. First, the negation is moved inside the
quantifier, so that the sentence becomes

all X : (laptop(X) implies ramCapacity(X) =< minRAM).

Then, because the laptop domain is finite, the effect of this sentence can be
achieved by iterating over the domain – in essence, treating the sentence as if it
were

ramCapacity(c810) =< minRAM and ramCapacity(c410) =< minRAM and
ramCapacity(c210) =< minRAM and ramCapacity(c110) =< minRAM.

Remember that the function symbol ramCapacity was defined earlier as follows:

function ramCapacity(laptop) -> number
=::= { c810->1024, c410->1024, c210->256, c110->256 }.

This means that the constraint relation corresponding to the above sentence is
the following unary constraint on the parameter minRAM: {X|X ≥ 1024}.

At this stage, it may be appropriate to consider quantification over infinite
domains. Consider the sentence:

not exists X : X > minRAM.

The system being described here can accept this sentence, although it will not
be able to do anything useful with it. Recognizing that the quantifier is not
relativized to a finite subset of the universe of discourse, it will not attempt to
use iteration; instead, it will treat the above sentence as the following unary
constraint on the parameter minRAM: {X|¬∃Y (Y > X)}. As we shall see below,
the basic operation of the system involves arc consistency processing, using an
approach in which term re-writing is used to process to infinite constraint rela-
tions. The basic difficulty with the above sentence lies in the fact that nothing
in the set of term-rewriting rules used (so far) can do anything useful with the
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above intensional formula – therefore, the system cannot guarantee to achieve
total arc consistency in a network containing such a constraint relation4. Possi-
bly, however, one could imagine an augmented set of rules which could do more.
Nevertheless, it will always be possible, given any set of re-writing rules, to devise
a set of constraints which are beyond the inferential competence of the rules.

Constraint Processing. The basic operation of the run-time system consists
of applying (hyper-)arc consistency to the constraints in the network, constraints
whose relations may be either finite (and represented extensionally) or infinite
(and represented intensionally). Finite domains are pruned by removal of incon-
sistent values. An infinite domain is pruned in two stages: first, a conjunct is
added to the intensional formula that specified the domain before pruning; then,
term rewriting is used to simplify the extended intensional formula.

Consider, for example, the following constraint relation on the parameter
pair 〈chosenModel, minSpeed〉:
{〈X, Y 〉|(X = c810 ∧ Y ≤ 1.20) ∨ (X = c410 ∧ Y ≤ 0.90)∨

(X = c210 ∧ Y ≤ 0.60) ∨ (X = c110 ∧ Y ≤ 0.57)}
Initially, the domain of chosenModel is {c810, c410, c210, c110} and that of
minSpeed is {X|X > 0}. When we use arc-consistency on the arcs of the above
constraint, the domain of chosenModel is unchanged, but the intensional formula
for the domain of minSpeed undergoes the following changes. First it becomes

{X|X > 0 ∧ (X ≤ 1.2 ∨ X ≤ 0.9 ∨ X ≤ 0.6 ∨ X ≤ 0.57)}

in which the intensional formula has been expanded, to include a conjoined
expression which captures the impact of the constraint on the set of possible
values for minSpeed. Term rewriting then changes this formula, initially reducing
it to

{X|X > 0 ∧ (X ≤ 1.2)}
and then rewriting it further to

{X|0 < X ≤ 1.2}.

When the constraints representing the generic domain knowledge have all
been processed (as they would be before any user input were accepted), the
domains of minRAM, minDisk and maxWeight would have been reduced to {X|0 <
X =< 1024}, {X|0 < X =< 68} and {X|X >= 2.7}, respectively.

4 Strictly speaking, of course, the system can achieve “‘total” arc consistency, by prop-
agating this intensional formula through all relevant parts of the network. In practice,
of course, useful arc consistency involves producing simplified intensional formulae
– for example, if a formula involves a contradiction, useful arc consistency would
involve detecting this and inferring that the parameter whose domain is described
by the formula is the empty set.
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Mixed-initiative Interaction. The approach supports mixed-initiative inter-
action. A user interacting with this expert system can volunteer instance-specific
data by asserting appropriate sentences in L – each such sentence must, of course,
refer to at least one of the un-interpreted symbols. For example, if the user knows
that he needs a CPU speed of at least 0.7 gigahertz, he could assert

minSpeed = 0.7.

Similarly, if he wants the largest possible amount of RAM, he could assert

not exists X : (laptop(X) and ramCapacity(X)>minRAM).

Each such sentence extends the constraint network defined in the expert system,
by adding a new constraint. After each new constraint is asserted by the user, its
arcs are entered into the queue of arcs maintained by the hyper-arc consistency
algorithm. As usual in arc consistency algorithms, if the domain of any parameter
is reduced by any arc of this new constraint, the other constraint arcs referencing
this parameter are appended to the queue. The algorithm reaches quiescence
when the queue becomes empty again, at which point the user can volunteer
another assertion or retract one of his previous assertions – dependency records
are maintained to facilitate such retractions. (The dependency records are also
used to generate explanations when requested by the user.)

Suppose, for example, the user asserted minSpeed=0.7. Constraint propaga-
tion would result in the domain of minSpeed being restricted to {0.7}. Since this
parameter is also referenced in speed(chosenModel) >= minSpeed, the arcs of
this constraint would be appended to the queue. The effect of this is that the
domain of chosenModel is reduced to {c810, c410}, because the other laptops
are not fast enough. This change would then activate the other constraints which
reference this parameter. By the time that quiescence is reached, the domain for
maxWeight would have been reduced from {X|X >= 2.7} to {X|X >= 2.9}. If
the user were then to assert not exists X : ( laptop(X) and ramCapacity(X)
> minRAM ), that would reduce the domain of minRAM from {X|0 < X =< 1024}
to {1024} but would not reduce further the domain of any other parameter.

Instead of volunteering instance-specific data, the user could hand the initia-
tive over to the machine by specifying that he wishes it to help him determine
an appropriate value for chosenModel. In doing so, he would be creating a Tar-
geted Specialization CSP in which T, the set of targeted parameters, would be
{chosenModel}. The machine would then ask the user for information about the
other parameters in the network, each reply being treated as another constraint
to be added to the network: a user’s reply need not specify a value for the pa-
rameter which was the subject of the machine’s question; it could, instead, be
an arbitrary sentence involving the parameter – for example, a user asked about
the required disk space could reply that he wants ten times as much disk space
as RAM, by entering the sentence minDisk = 10 * (minRAM/1000), division by
1000 being involved because RAM is specified in megabytes while disk space is
specified in gigabytes.
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5 Improved Inference

It has been shown how the use of constraints supports richer knowledge represen-
tation than that available to rule-based expert systems – constraints extend both
the range of domain expertise that can be expressed and the range of instance-
specific data that users of an interactive expert system can provide. However, it
should also be pointed out that constraints also support richer inference.

Inference in rule-based expert systems is based on modus ponens. That is, we
can have inferences of the form

(A ⇒ B,A) � B.

Constraint propagation, however, subsumes both modus ponens and modus tol-
lens. That is, it can also make inferences of the form

(A ⇒ B,¬B) � ¬A.

Suppose, for example, that we have an expert system in which there are two
parameters, length and width, that must assume values from 	+. Suppose that
one piece of domain knowledge is length >= 1000 implies width >= 500.
Suppose that, while backward-chaining through some other piece of domain
knowledge, the expert system asks the user for the value of width and receives
the response that width = 400. A rule-based expert system would not be able to
deduce from this reply, and from the domain knowledge just given, that length
must be less than 1000.

Now suppose that the expert system is constraint-based rather than rule-
based. Initially, the domains of length and width would both be {X|X > 0}.
According to the standard semantics of material implication in logic, the con-
straint relation corresponding to length >= 1000 implies width >= 500 is
the union of two infinite sets of tuples, represented by the two disjuncts in this
intensional formula:

{〈X, Y 〉|X < 1000 ∨ (X ≥ 1000 ∧ Y ≥ 500)}.

The first of these two sets corresponds to the case where the antecedent
of the implication is not satisfied, the second to the case where it is. When
the user replies that width = 400, this is treated as a unary constraint whose
relation is {400}. Propagating this constraint would, first, reduce the domain
of width from {X|X > 0} to {400} and then activate the constraint length
>= 1000 implies width >= 500. The fact that the domain of width is now
{400} means that the second set in the union comprising the semantics of the
constraint is irrelevant. Thus, arc consistency means that the first set can be
projected onto the domain of length. Thus, the domain of length is reduced
from {X|X > 0} to {X|0 < X < 1000}. In other words, applying arc consistency
to the constraint relation {〈X, Y 〉|X < 1000 ∨ (X ≥ 1000 ∧ Y ≥ 500)} on the
parameters 〈 length, width 〉, in a context where the domain of width is {400},
achieves the same effect as applying modus tollens to the following premises:
length >= 1000 implies width >= 500 and width=400.



Constraint Processing Offers Improved Expressiveness and Inference 107

6 Conclusions

The standard way of relating constraint-based reasoning to the Predicate Cal-
culus (PC) is Constraint Logic Programming (CLP), in which constraints are
integrated into a proof-theoretic approach to logic. This paper advocates an
alternative, model-theoretic approach. In this approach, the task of solving a
constraint satisfaction problem becomes that of completing a partial model for a
first-order PC language. It has been shown that, in this context, constraint prop-
agation algorithms provide an inference capability which subsumes the effects of
both modus ponens and modus tollens. Thus, if constraints replace declarative
rules in the construction of expert systems, two benefits follow: more expressive
knowledge representation and more powerful inference.
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A Note on Redundant Rules in Rule-Based
Constraint Programming

Sebastian Brand

CWI, P.O. Box 94079, 1090 GB, Amsterdam, The Netherlands

Abstract. Constraint propagation can sometimes be described conve-
niently in a rule-based way. Propagation is then fixpoint computation
with rules. In the typical case when no specific strategy guides the fix-
point computation, it is preferable to have a minimal set of rules. We
propose a natural criterion for redundancy of a rule, and describe a test
for a class of rules. Its relevance is demonstrated by applying it to several
rule sets from two important approaches to automatic rule generation.

1 Introduction

Constraint propagation is an essential ingredient for successful solving of con-
straint satisfaction problems. A declarative approach to capturing the desired
propagation is to use a rule-based language such as CHR and AKL, also ELAN,
or the indexical-based clp(FD)/GNU-Prolog [9,6,12,10,7]. The rules are applied
exhaustively in a fixpoint computation, and in this way constraint propagation
takes place. The fixpoint represents a locally consistent state of the store.

A difficulty lies in obtaining suitable propagation rules. In the recent years
a series of articles has dealt with this issue [5,11,2,3]. These approaches take
constraint definitions, extensionally by stating all valid tuples or intensionally
by a constraint logic program, and generate automatically a set of propagation
rules.

Example. For the constraint and(x, y, z) that describes x ∧ y = z for variables
x, y, z ∈ {0, 1} we may generate the rules x = 0 → z = 0; y = 1, z = 0 → x = 0;
etc. Applying them in any order to and(x, 0, z) until no rule is applicable anymore
leads to the fixpoint and(x, 0, 0), which is generalized arc consistent.

Typically there are many valid rules for a constraint, but not all are useful in
a constraint solver, or necessary for the desired local consistency. For example,
a rule that is less general than another one can be discarded since its effect is
subsumed. Rule generation therefore needs a concept of redundancy. The above-
mentioned approaches deal explicitly with redundancy by one other rule, e. g.,
as in the case of x = 0 → z = 0 subsuming x = 0, y = 0 → z = 0; but only
partly and informally with redundancy by several other rules. We argue here for
considering redundancy rigorously with respect to a set of rules and its fixpoints.

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 109–120, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Example. For one constraint (and11), the rule generation algorithm of [5] com-
putes a set of 4656 constraint propagation rules. It does not contain any sub-
sumed rules. Removing from this set all rules that are redundant by the remain-
ing set yields 393 rules. This minimal rule set (8% of the original size) enforces
the same local consistency.

We proceed by introducing a simple and natural definition of redundancy in
the general framework of fixpoint computation over functions [4]. This is then
instantiated to the case of functions in rule form, which subsequently allows a
connection between a few requirements on rules and a simple, effective redun-
dancy test. We establish the usefulness of this by considering two important
cases of automatic rule generation where automatic redundancy detection is es-
sential: membership rules [5] and a class of CHR propagation rules (RuleMiner)
[2]. Both fit in our framework, and hence our redundancy criterion can lead to
reduced sets of rules.

2 Redundancy with Respect to Fixpoints

2.1 Preliminaries

We begin by recalling, concisely, chaotic iteration of [4], a general framework for
constraint propagation. In section 4 we discuss a specific case.

Definition 1. Let (D,�) be a partial order. Let F be a set of functions
{f1, . . . , fn} on D. A function f is called

– inflationary if d � f(d) for all d,
– monotonic if d � e ⇒ f(d) � f(e) for all d, e. ��

The elements of the partial order are used to model (equivalent) CSP’s, the
functions model propagation steps/narrowing operators/etc.

We are interested in fixpoints of the functions. By a chaotic iteration of F we
mean an infinite sequence d0, d1, . . . such that di+1 = f(di) for some f ∈ F , and
in which each f ∈ F is applied infinitely often. An iteration stabilises at some e
if an index k exists such that for all i ≥ k we have di = e. A simple consequence
of the Stabilization Lemma in [4] is the following.

Lemma 2. If all functions in F are inflationary and monotonic and the corre-
sponding partial order (D,�) is finite then every chaotic iteration of F starting
in d stabilises at the least fixpoint that is greater than or equal to d. ��
The least fixpoint greater than or equal to a given point can thus be effectively
computed by repeatedly applying the functions in any order until stabilisation
is obtained. For CSP’s, constraint propagation steps taking place in any order
should result in the same locally consistent state while retaining the solutions.
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2.2 Redundant Functions

The cost of a generic fixpoint computation depends on the number of functions
involved, in particular in absence of a good strategy to select functions. It is
therefore useful to identify functions unnecessary for this computation. We define
redundancy accordingly.

Definition 3. A function f is redundant with respect to a set F of functions if
the sets of fixpoints of F and F ∪ {f} are equal. ��
An equivalent formulation is: f is redundant if every fixpoint of F is a fixpoint
of f as well.

3 Rules

The type of functions we are interested in are rules of the form b → g, where b is
a condition and the conclusion g a function. The condition is evaluated on the
elements of D, we write Holds(b, d) if b is true on d. The application of rules is
defined by

(b → g)(d) :=
{

g(d) if Holds(b, d)
d otherwise

We are now interested in rules with particular properties.

Definition 4. A condition b is

– monotonic if

Holds(b, d) ∧ d � e ⇒ Holds(b, e)

for all d, e.
– precise if a point w exists that satisfies Holds(b, w), and also

Holds(b, d) ⇒ w � d

for each d. We call w, which is unique, the precision witness of b.

A function g is stable if

g(d) � e ⇒ g(e) = e

holds for all d, e ��
The following connections between properties of a rule and properties of its body
function are easy to prove.

Lemma 5. Consider a rule b → g. If g is inflationary then so is b → g. If b
and g are monotonic then so is b → g. ��
Note also that if g is a function such that d and g(d) are comparable for all d,
then stability of g implies inflationarity.
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3.1 Redundant Rules

The above properties are useful as they allow a simple test for redundancy.

Theorem 6. Consider a rule r = b → g such that its condition b is monotonic
and precise with witness w, and its body function g is stable. Let e be the least
fixpoint of the rule set R greater than or equal to w. The rule r is redundant with
respect to R if g(e) = e holds.

Proof. We show that g(e) = e implies that an arbitrary fixpoint d of R is a
fixpoint of r, by a case distinction on the condition.

b holds at d: We have w � d from the precision of b. Also, w � e � d since e
is the least fixpoint greater than or equal to w. From e � d, g(e) = e, and
stability of g we conclude g(d) = d and finally r(d) = (b → g)(d) = d.

b does not hold at d: Here r(d) = (b → g)(d) = d holds immediately. ��
This test is interesting as it needs to compute only one fixpoint of R instead of
all. It is effective if

– the precision witness is accessible,
– g(e) = e can be decided, and
– fixpoint computations are effective (cf. Lemma 2).

Definition 7. A set of rules R is said to be minimal with respect to redundancy
(or just minimal), if no r ∈ R is redundant with respect to R − {r}. ��
Minimal sets of rules can of course be obtained by a simple bounded loop: choose
an untested rule, test whether it is redundant and remove it from the current
set if it is. In general, however, the obtained minimal set depends on the order
of testing; see the example later. This poses the questions for

– a total preference between two rule sets, and/or
– a rule selection strategy approximating such a preference.

For our experiments we used a selection strategy that prefers to retain rules that
are deemed to be computationally less costly.

Note 8. What does it mean to remove a rule r from a minimal rule set R? Then
R − {r} must have more fixpoints than R. If R contains constraint propagation
operators, then R − {r} is propagates less. Minimal rule sets cannot be reduced
further without relaxing the local consistency notion.

Partial redundancy. We point out that a rule r = b → g with a conclusion
g = g1, . . . , gn (describing a composition) such that any two different gi, gj com-
mute can be understood as the collection b → g1, . . . , b → gn of rules, and vice
versa. The respective fixpoints, and rule properties, are the same. We regard here
the different incarnations as equivalent. If a rule as a whole is not redundant it
might be so partially. That is, some part of its conclusion is redundant, or in
other words, some sub-rules of its decomposition are.
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3.2 Redundancy by One Rule

We highlight a specific case involving only two rules, one ‘stronger’ than the
other: subsumption.

Corollary 9. Consider a rule r = b → g in a rule set R, and a rule r′ = b′ → g′

not in R that satisfies the requirements mentioned in Theorem 6, and moreover
is such that g′ is inflationary. Assume that

Holds(b′, d) ⇒ Holds(b, d) and g′(d) � g(d)

holds for all d. Then r′ is redundant with respect to R.

Proof. Let e be the least fixpoint of R greater than or equal to the witness w′

of b′. We show that g′(e) = e, which entails the desired result by Theorem 6.
We have Holds(b′, w′), so by monotonicity of b′ also Holds(b′, e). The first

requirement above implies Holds(b, e). We know for the fixpoint e that e = r(e),
and with Holds(b, e) also e = g(e). By the second requirement we conclude
g′(e) � e = g(e), but g′ is also inflationary: e � g′(e). Hence, g′(e) = e. ��

4 Membership Rules

In [5] a specific type of rules, called membership rules, is presented. These rules
are the output of a generation algorithm whose input is an extensionally defined
constraint. The associated local consistency is generalized arc consistency. The
generated rule set contains only minimal rules in the sense that no rule ‘extends’
or is subsumed by another. As it turns out, the redundancy notion proposed here
can be applied to reduce the generated sets of membership rules.

We instantiate now the elements of rule-based chaotic iteration. First we
introduce the elements of the partial ordering, CSP’s.

Constraint satisfaction problems. Consider a sequence X = x1, . . . , xn

of variables with associated domains D1, . . . , Dn. By a constraint C on X
we mean a subset of D1 × . . . × Dn. Given an element d = d1, . . . , dn of
D1 × . . . × Dn and a subsequence Y = xi(1), . . . , xi(�) of X we denote by
d[Y ] the sequence di(1), . . . , di(�). A constraint satisfaction problem (CSP), con-
sists of a finite sequence of variables X with respective domains D, together
with a finite set C of constraints, each on a subsequence of X. We write it as
〈C; x1 ∈ D1, . . . , xn ∈ Dn〉, where X = x1, . . . , xn and D = D1, . . . , Dn. By a so-
lution to 〈C; x1 ∈ D1, . . . , xn ∈ Dn〉, we mean an element d ∈ D1 × . . .×Dn such
that for each constraint C ∈ C on a sequence of variables X we have d[X] ∈ C.

Partially ordering equivalent CSP’s. With a CSP 〈C; x1 ∈ D1, . . . , xn ∈
Dn〉 we associate now a specific partial order: the Cartesian product of the partial
orders (P(Di),⊇) Hence this order is of the form

(P(D1) × . . . × P(Dn),⊇)
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where ⊇ is the Cartesian product of the reversed subset order. The elements of
this partial order are sequences (E1, . . , En) of respective subsets of (D1, . . . , Dn)

The membership rules of [5] acceptable for a specific CSP over variables
X = x1, . . . , xn with finite domains have the form

y1 ∈ S1, . . . , yk ∈ Sk → z1 
=a1, . . . , zm 
=am

where y1, . . . , yk are pairwise different variables from X, and S1, . . . , Sk are sub-
sets of the respective variable domains. Also the z1, . . . , zm are pairwise different
variables from X, while a1, . . . , am are elements of the respective variable do-
mains. If each Si is a singleton then a membership rule is called equality rule.

The computational interpretation of a membership rule is: if the current
domain of the variable yi is included in the set Si for all i ∈ [1..k] , then remove
the element aj from the domain of zj for all j ∈ [1..m].

Applying membership rules. We define the atomic case

Holds(xi ∈ S, E) := Ei ⊆ S

where E = (E1, . . . , En) is an element of the partial order for a CSP with
variables x1, . . . , xn. A sequence of conditions holds if each atomic conditions
does. Applying a rule body z1 
=a1, . . . , zm 
=am takes place stepwise with

(xi 
=a)(E) := Ei \ {a} .

Rule properties. Membership rules possess the relevant properties. To see
this, consider a CSP 〈C; x1 ∈ D1, . . . , xn ∈ Dn〉 and an associated rule

b → g ≡ y1 ∈ S1, . . . , yk ∈ Sk → z1 
=a1, . . . , zm 
=am .

Precise condition: We define

S′
i =

{
Sj if xi occurs in b as yj

Di if xi does not occur in b.

Consider now the element E = (S′
1, . . . , S

′
n) of the partial order. Observe

that condition b holds at E. Moreover, it holds only for elements E′ ⊆ E.
Hence, E is a precision witness, and b is precise.

Monotonic condition: It is easy to see that this holds.
Monotonicity, inflationarity, stability of body: All true, by trivial proofs.

The redundancy test of Theorem 6 is therefore applicable to sets of member-
ship rules. Note in particular that the required precision witness can be extracted
immediately from the rule and the CSP at hand.
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Table 1. Definition and membership rules for the constraint c

c x y z u

0 1 0 1
1 0 0 1
1 1 1 0

c(x, y, z, 0) → x �= 0, y �= 0, z �= 0 (1)

c(x, y, 1, u) → u �= 1, x �= 0, y �= 0 (2)

c(0, y, z, u) → u �= 0, y �= 0, z �= 1 (3)

c(x, 0, z, u) → u �= 0, x �= 0, z �= 1 (4)

c(x, y, z, 1) → z �= 1 (5)

c(x, y, 0, u) → u �= 0 (6)

c(1, 1, z, u) → u �= 1, z �= 0 (7)

c(x, 1, 0, u) → x �= 1 (8)

c(x, 1, z, 1) → x �= 1 (9)

c(1, y, 0, u) → y �= 1 (10)

c(1, y, z, 1) → y �= 1 (11)

4.1 An Example

We illustrate a number of issues by way of example. Suppose the constraint
c(x, y, z, u) is defined by the three solution tuples of Table 1. The underlying
domain for all its variables is {0, 1}, hence the induced corresponding partial
order is ({ {0, 1} × {0, 1} × {0, 1} × {0, 1}, . . . , ∅ × ∅ × ∅ × ∅},⊇). The algorithm
of [5] produces a set of 11 rules.

The presence of rule 11, c(1, y, z, 1) → y 
= 1, states that ifc(x, y, z, u) then
it is correct to conclude from x = 1 and u = 1 that y 
= 1 (validity), and fur-
thermore that neither x = 1 nor u = 1 suffices for this conclusion (minimality).

Let us examine a fixpoint of these rules: we are interested in the smallest
fixpoint greater than or equal to E1 = {1} × {0, 1} × {0, 1} × {1} which corre-
sponds to the CSP in the preceding paragraph. Suppose rule 11 is considered.
Its application yields E2 = {1} × {0} × {0, 1} × {1} from where rule 4 leads to
E3 = {1} × {0} × {0} × {1}. This is indeed a fixpoint since each rule either does
not apply or its application results again in E3.

A redundant rule. A second possible iteration from E1 that stabilises in E3
is by rule 5 followed by rule 10. Rule 11 can be applied at this point but its
body effects no change on E3; E3 is a fixpoint of all rules including rule 11. We
conclude that rule 11 is redundant — we just performed the test of Theorem 6.

The process of identifying redundant rules can then be continued for the rule
set {1, . . . , 10}. A possible outcome is depicted in Table 1, where redundant parts
of rules are underlined. From the 20 initial atomic conclusions 13 remain, thus
we find here a reduction ratio of 65%.
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Nondeterminism in rule removal. Consider the justification for the redun-
dancy of rule 11, and observe that rule 11 has no effect since rule 10, which has
the same body, was applied before. Suppose now that the process of redundancy
identification is started with rule 10 instead of rule 11. This results in rule 10
being shown redundant, with a relevant application of rule 11.

Note moreover, that one of the rules 10,11 must occur in any reduced rule
set since their common body y 
= 1 occurs nowhere else. It is unclear whether
there is a sensible criterion which of these two rules it should be.

4.2 Membership Rule Generation

The algorithm of [5] that generates the set of rules from a constraint definition
can straightforwardly be abstracted to:

1. collect all (syntactically and semantically) valid membership rules
2. discard those that extend another present rule

The membership rule b′ → g′ extends the rule b → g if g′ = g and (using our
terminology) Holds(b′, d) → Holds(b, d). If in a given rule set a rule does not
extend another one then it is called minimal.

The minimality requirement is weaker than that of Corollary 9. A non-
minimal rule is therefore a special case of the rule being redundant. We conclude
that a generated set of membership rules has the same set of fixpoints as the
set of all valid membership rules, and point out that the generated set can be
expected not to be minimal, even though it contains only minimal rules.

5 Propagation Rules

The concept of a CSP in the preceding section emphasises domains as a chan-
nel through which constraint propagation takes place. We now take a different
viewpoint: we understand a CSP as just a set of constraints. Domains are unary
constraints, and propagation means posting implied constraints.

5.1 Abstract Propagation Rules

A propagation rule in this framework describes that some constraints should
be added to the problem if some other constraints are present. We show in the
following that this model as well fits into the partial order framework. The major
goal we pursue is to make a connection between the partial order framework, and
propagation rules as used in the CHR language and in the work [2] on automatic
rule generation.

Constraints and CSP’s. A constraint is an atomic formula on variables. The
language L is defined as consisting of all constraints over a finite set of variables
and a finite set of constraint symbols. A CSP is a set of such constraints. The
corresponding partial order on these CSP’s is simply (P(L),⊆).
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Rules and applications. A propagation rule has the form CL → CR where
CL and CR are sets of constraints of L. Suppose E ⊆ L is a set of constraints.
The evaluation of the condition CL on E is defined by Holds(CL, E) := CL ⊆ E
while the application of the body CR is simply CR(E) := E∪CR. This explains
completely the rule application (CL → CR)(E).

Properties. The relevant rule properties hold for propagation rules. The proof
obligations for an arbitrary CL → CR follow (the proofs themselves are trivial).

Precise condition: Take the witness CL. To show: CL ⊆ E ⇒ CL ⊆ E
Monotonic condition: E1 ⊆ E2 ⇒ E1 ∪ CR ⊆ E2 ∪ CR

Monotonic body: CL ⊆ E1 ∧ E1 ⊆ E2 ⇒ CL ⊆ E2
Stability of body: CL ∪ E1 ⊆ E2 ⇒ CL ∪ E2 = E2
Inflationarity of body: CL ∪ E1 ⊆ E2 ⇒ CL ∪ E2 = E2

Abstract propagation rules are amenable to the redundancy test of Theorem 6.

5.2 A Class of CHR Propagation Rules

CHR [9] is a high-level rule-based language especially designed for writing con-
straint solvers. It defines propagation rules that can add constraints, and sim-
plification rules that replace constraints by simpler ones. Both types can have
an extra guard on the variables. The class of guard-free CHR propagation rules in
which the body does not introduce new variables and is interpreted as a set of
constraints, however, corresponds to abstract propagation rules. An important
contrast point is that CHR interprets a rule as a template of which a copy with
fresh variables is matched against the constraint store.

RuleMiner rules. The work [2] describes the generation by an algorithm called
“RuleMiner” of constraint propagation rules that in particular can have multiple
constraints in its condition. The generated rules correspond to guard-free CHR
propagation rules. The requirement that no new variables be introduced in the
conclusion of a rule is guaranteed by the generation algorithm.

Generation. Several criteria to discard a rule are used in RuleMiner. The
single most important one is called lhs-cover. A rule C ′

L → C ′
R is lhs-covered

by CL → CR if C ′
L ⊇ CL and C ′

R ⊆ CR. This coincides with the condition of
Corollary 9. The notion of lhs-cover is a special case of general redundancy.

6 Experiments

We implemented in ECLiPSe [8] the computation of minimal sets for membership
rules and RuleMiner rules. The results for some benchmark rule sets are listed
in Tables 2 and 3.
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Table 2. Membership rules

and11M and11E and3M equ3M fula2E forkE forkM

total 4656 153 18 26 52 12 24
redundant
(partially) 4263 (2) 0 (6) 5 (0) 8 (0) 24 (0) 0 (9) 6 (6)

redundancy
ratio

81% 4% 30% 26% 35% 35% 40%

Membership rules. For each constraint, the set of minimal membership or
equality rules (index M/E) was computed by the rule generation algorithm of
[5]. Table 2 shows the size of the rule set, the number of fully and, in parentheses,
partially redundant rules. The redundancy ratio for the entire rule set shows the
percentage of atomic disequalities that were removed from the rule conclusions.

The constraints are the and logic gate for a number of logics (the numeric
suffix states the domain size), the binary fulladder (arity 5), the equivalence
relation for a three-valued logic, and the fork constraint from the Waltz language
for the analysis of polyhedral scenes.

Computation times are negligible in so far as they are considerably less than
the corresponding rule generation time.

RuleMiner rules. The authors of [2] kindly provided us with some generated
rule sets for the constraints and, or, xor in a 6-valued logic. Rules embody
propagation from single constraints, and propagation from pairs of constraints.
In both cases additional equality constraints between two variables, or a variable
and a constant, can occur in a rule condition. The conclusion of a rule consists
of equalities and disequalities. Two following two rules are examples:

and(x, x, z) → x 
=d, x 
=d, x = z

and(x, y, z), or(z, y, 1) → z 
=d, z 
=d, x = z, y = 1

They are rewritten so as to fit the format of abstract propagation rules, intro-
ducing new variables and equalities in the heads. Correspondingly we assume
appropriate rules for handling such equality constraints. They are not tested for
redundancy, but are otherwise proper part of the rule set.

The first three table rows in Table 3 describe the results for rule sets corre-
sponding to the single constraints. The three center rows contain the results for
rule sets for pairs. Finally, the last three rows correspond to the union of the
rule sets for a pair of constraints and its respective individual constraints. This
would be the appropriate use configuration.

The tested RuleMiner rule sets did not contain any fully redundant rules.
This can be attributed to the additional redundancy criteria other than lhs-
cover. The rule sets did contain partial redundancies, however.
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Table 3. RuleMiner rules

and or xor andor andxor orxor andor+ andxor+ orxor+

total 19 19 28 138 207 199 176 254 246

partially
redundant

7 7 1 83 82 77 135 192 184

redundancy
ratio

24% 24% 3% 38% 21% 21% 61% 54% 54%

7 Final Remarks

Closely related recent work can be found in [1]. The issue of redundancy is there
examined for full CHR rules, using concepts derived from term rewriting theory.
The class of CHR rules is more expressive than our rule class. One substantial
difference is the presence of simplification rules, which remove constraints from
the store, and are thus non-monotonic and non-inflationary. Consequently, the
proposed redundancy test is less specific than ours, by appealing more abstractly
to termination, confluence, and operational equivalence of original and reduced
program. Here, we look at rules for which Lemma 2 implicitly guarantees the
former two properties, while Theorem 6 constitutes a concrete test of operational
equivalence. Benefitting from inflationarity and monotonicity, we can do with
only one fixpoint computation per candidate rule, while two computations are
needed in the method of [1]: with and without the candidate.

Completion. There is a link between completion of term rewriting systems and
redundancy. Completion adds rules to a rule set so as to make it confluent, that
is, to prevent the possibility that some state exists from which two iterations
stabilise in different fixpoints. In this case a new rule is introduced that joins
both iterations (in effect, removing one fixpoint). The new rule thus permits
an alternative iteration leading to the same fixpoint. Redundancy removal, in
contrast, tries to prevent alternative iterations, by removing a rule that occurs
in one but not the other, while retaining the fixpoints.

Benefit. It seems obvious that discarding a larger number of redundant rules
accelerates fixpoint computation. It is less clear, however, whether this is true
when removing one single rule. For particular combinations of scheduler, rule
set, and starting point of computation, the effect might indeed be adverse. This
is more relevant still for the case of a partially redundant rule. We can not,
therefore, say in general that reducing redundancy is always useful (although in
our experiments that was the case). Observe, however, that partial redundancy
can be easily reintroduced.

Future Issues. An open question is the relation between two minimal sets.
How many different minimal sets are there if we define equivalence classes on
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rules (sets) such that for instance rule 10 and 11 of subsection 4.1 belong to one?
How is such an equivalence detected?

The partial orders for membership rules and abstract propagation rules could
be integrated into one. The inclusion test of a membership rule could correspond
to a unary constraint or a set of disequalities. A treatment of a wider class of CHR
propagation rules as abstract propagation rules is possible. For instance, guards
of rules could be seen as constraints.

Rule generation, specifically of membership rules, should ideally incorporate
the redundancy test as a part rather than as a post-process. It is then useful to
identify preconditions that prevent a rule from being redundant with respect to
the partial rule set. One such is that the body of the rule must occur in another
rule.

Acknowledgements. I am grateful for comments on this paper that I received
from Krzysztof Apt, Eric Monfroy, and the anonymous referees.

References
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Francophones de Programmation Logique et Programmation par Contraintes (JF-
PLC’2002), May 2002.

2. Slim Abdennadher and Christophe Rigotti. Automatic generation of propagation
rules for finite domains. In Principles and Practice of Constraint Programming
(CP 2000), Singapore, 2000.

3. Slim Abdennadher and Christophe Rigotti. Towards inductive constraint solving.
Lecture Notes in Computer Science, 2239, 2001.

4. Krzysztof R. Apt. The essence of constraint propagation. Theoretical Computer
Science, 221(1–2):179–210, June 1999.

5. Krzysztof R. Apt and Eric Monfroy. Constraint programming viewed as rule-based
programming. Theory and Practice of Logic Programming, 2001.

6. Björn Carlson, Mats Carlsson, and Sverker Janson. The implementation of
AKL(FD). In International Symposium on Logic Programming, 1995.

7. Philippe Codognet and Daniel Diaz. Compiling constraints in clp(FD). Journal of
Logic Programming, 27(3):185–226, June 1996.

8. IC-Parc. ECLiPSe. http://www.icparc.ic.ac.uk/eclipse/.
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Abstract. Many constraint satisfaction problems (csp’s) are formulated
with 0/1 variables. Sometimes this is a natural encoding, sometimes it is
as a result of a reformulation of the problem, other times 0/1 variables
make up only a part of the problem. Frequently we have constraints
that restrict the sum of the values of variables. This can be encoded
as a simple summation of the variables. However, since variables can
only take 0/1 values we can also use an occurrence constraint, e.g. the
number of occurrences of 1 must be k. Would this make a difference?
Similarly, problems may use channelling constraints and encode these as
a biconditional such as P ↔ Q (i.e. P if and only if Q). This can also be
encoded in a number of ways. Might this make a difference as well? We
attempt to answer these questions, using a variety of problems and two
constraint programming toolkits. We show that even minor changes to
the formulation of a constraint can have a profound effect on the run time
of a constraint program and that these effects are not consistent across
constraint programming toolkits. This leads us to a cautionary note for
constraint programmers: take note of how you encode constraints, and
don’t assume computational behaviour is toolkit independent.

1 Introduction

A constraint satisfaction problem (csp) is composed of a set of variables, each
with a domain of values. Constraints restrict combinations of variable assign-
ments. The problem is to find an assignment of values to variables that satisfies
the constraints, or show that none exists [10]. There are many real world in-
stances of csp’s, such as scheduling, timetabling, routing problems, frequency
assignment, design problems, etc. Since many of these problems are commer-
cially important, we now have toolkits that allow us to express these problems
as csp’s.

Even when we have decided upon a formulation of a csp, we are then faced
with choice of how we implement the constraints using the toolkit provided.
What we investigate here is how the implementation of the constraints can in-
fluence the execution time of our constraint programs. We limit our study to
problems with variables that can only take the values zero or one, i.e. 0/1 vari-
ables, and to two constraints: a restriction on the sum of the variables, and
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the biconditional constraint. We use three different problems as vehicles for this
study. The first problem is the independent set of a hypergraph. The second
problem is closely related, the maximal independent set of a hypergraph. Both
of these problems have a natural encoding using 0/1 variables. The third problem
is the balanced incomplete block design problem (bibd), and is again naturally
formulated using 0/1 variables. For each of these problems we encode the con-
straints in a number of different ways and measure the run time to find the first
solution. We use two constraint programming toolkits, Ilog Solver 5.0 [5] and
Choco 1.07 [1].

In the next section we introduce the three problems, independent set, max-
imal independent set, and balanced incomplete block design. We also present a
proof that our various encodings achieve the same level of consistency. Section 3
gives the results of our empirical study. We then imagine a study based on the
encodings we have studied and show how this can lead us to a contradiction.
We then present an explanation of the sensitivity of performance with respect
to the implementation of our constraints. Section 6 concludes this paper.

2 Three Problems

We now present the three problems we will investigate, and their various en-
codings. The first problem is independent set and we use this as a vehicle to
examine the implementation of a constraint that restricts the sum of variables.
The second problem is maximal independent set and we use this to explore how
we can implement the biconditional. The third problem, balanced incomplete
block designs uses both constraints, summation and biconditional.

2.1 Independent Set

Given a graph G = (V, E), where V is a set of vertices and E is a set of edges, an
independent set I is a subset of V such that no two vertices in I share an edge
in E. Independent set is one of the first NP-complete problems. A variant of it,
GT20 in Garey and Johnson [2], asks if there is an independent set of size k or
larger. For a hypergraph H = (V, E) each edge in E is a subset of the vertices in
V , and an independent set I of H is then a subset of V such that no edge e ∈ E is
subsumed by I. For example we might have a hypergraph H of 9 vertices, v1 to v9,
and 4 hyper edges {(v1, v2, v3), (v2, v4, v5), (v4, v6), (v3, v7, v8, v9)}. This is shown
in Figure 1. An independent set of size 7 is then I = {v1, v2, v5, v6, v7, v8, v9}.

We can formulate this problem as a csp, such that each vertex vi corresponds
to a 0/1 variable xi, and if xi = 1 then vi is in the independent set I. The in-
dependence constraint restricts the sum of the variables/vertices in a hyperedge
to be less than the arity of that hyperedge, where arity is the number of vari-
ables/vertices involved in that hyperedge. There is an independence constraint
for each hyperedge. Finally we have the constraint that the sum of all the vari-
ables has to be greater than or equal to k, i.e. the size of the independent set.
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Fig. 1. Our example hypergraph, H = (V, E) where E = {(v1, v2, v3), (v2, v4, v5),
(v4, v6), (v3, v7, v8, v9)}. An independent set of size 7 is then I = {v1, v2, v5, v6,
v7, v8, v9}

The problem of finding an independent set of a given size is of particular
interest. This is because any constraint satisfaction problem, with discrete and
finite domains, can be formulated as the problem of finding an independent
set [12]. Assume that we have a csp P with n variables x1 to xn, each with a
domain di of size mi. In its hypergraph representation H we have k variables
each with a domain {0, 1}, where k =

∑n
i=1 mi. Variable zi,a = 1 corresponds

to the instantiation xi = a in P , and zi,a = 0 corresponds to xi �=a in P .
The domain of each variable xi in P is represented as a clique Km in H, such
that there are edges (zi,a, zi,b) for all a, b ∈ di. The constraints in the original
problem P are represented as hyperedges in H. For example, a nogood (xi =
a, xj = b, ..., xr = j) in P has the corresponding hyperedge (zi,a, zj,b, ..., zr,j) in
H. Finding a solution to P corresponds to finding an independent set of size n
in H.

Therefore, given a hyperedge e, where vert(e) is the set of vertices involved in
e and arity(e) is the number of vertices involved in e, we have the corresponding
independence constraint

∑
xi∈vars(c) xi < arity(c), where each of the variables

xi in constraint c corresponds to the vertices vi in hyperedge e.

We consider encoding the independence constraint in two ways. First, and
most obviously, we perform arithmetic on the values of the variables in the
hyperedge and restrict them to be less than the arity. In Choco this would be
done as sumV ars(x) <= length(x) where x is a list of integer variables (and in
Ilog Solver IloSum(x) <= x.getSize(), where x is an array of integer variables).
Alternatively, since variables are constrained to take 0/1 values, we can state that
the number of occurrences of the value 1 must be less than or equal to k. Again
in Choco, we express this as occur(1, x) <= length(x), and in Solver we use the
IloDistribute function. We call the first encoding ind1 and the second ind2. We
now prove that these two encodings achieve the same level of consistency 1.

1 This proof is due to Francois Laburthe.
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Theorem 1. Generalised arc consistency (GAC) on the occur constraint in ind2
achieves the same level of consistency as bounds consistency (BC) on the sum
constraint in ind1.

Proof. We need to prove that (BC(a ≤ sum(X) ≤ b) ⇔ GAC(a ≤
occur(1, X) ≤ b), where X is a set of 0/1 variables {x1, ..., xn}. Since both con-
straints have the same solution set, and GAC is stronger than BC we know that
GAC(occur(1, X)) is at least as strong as BC(sum(X)) i.e. any value removed
by BC(sum(X)) is also removed by GAC(occur(1, X)). We now prove that any
value removed by GAC(occur(1, Xi)) is also removed by BC(sum(X)). Let nb1
be the number of variables instantiated to 1, nb0 be the number of variables
instantiated to 0, and nb0/1 be the number of uninstantiated variables. Suppose
the value xi = 0 is removed by GAC(occur(1, X)). We consider two cases:

(i) All other variables are instantiated. Consequently both constraints reduce
to unary constraints, and xi = 0 is also removed by BC(sum(X)).

(ii) Variables xj1, ..., xjk are not instantiated, and the tuple (xi = 0, xj1 =
1, ..., xjk = 1) along with the instantiated variables is infeasible. Conse-
quently nb1 + nb0/1 − 1 is not in the interval [a, b] Similarly, the tuple (xi =
0, xj1 = 0, ..., xjk = 0) along with the instantiated variables is infeasible.
Consequently nb1 is not in [a, b]. Therefore the intervals [nb1, nb1+nb0/1−1]
and [a, b] are disjoint. Either (a) or (b) hold
(a) nb1 + nb0/1 − 1 < a. So, sum(X − {xi}) < a, where all uninstantiated

variables in X − {xi} contribute the value 1 to the sum. BC(sum(X))
then removes the value xi = 0

(b) nb1 > b. So sum(X − {xi}) > b, where all uninstantiated variables
in X − {xi} contribute the value 0 to the sum. Again, BC(sum(X))
removes the value xi = 0.

Therefore, when GAC(occur(1, X)) removes a value so does BC(sum(X)).

Since GAC is stronger than BC, and whenever GAC(occur(1, X)) removes a
value so does BC(sum(X)), the two representations ind1 and ind2 achieve the
same level of consistency. QED

2.2 Maximal Independent Set

Given a hypergraph H = (V, E), where V is the set of vertices and E is the set
of edges, a maximal independent set M is a set such that there is no independent
set M ′ that subsumes M , i.e. we cannot add any vertex to M without losing
the independence property. The problem is then, given some integer k < |V |, is
there a maximal independent set of size k [8]?

Using Figure 1 as an example, when k = 5 there are 3 maximal independent
sets, one of these being {v2, v3, v4, v8, v9}. When k = 6 there are 11 maximal
independent sets, one of these being {v2, v3, v5, v6, v8, v9}. When k = 7 there is a
single maximal independent set {v1, v2, v5, v6, v7, v8, v9} and this is the largest,
and is therefore the maximum independent set. There are no maximal indepen-
dent sets for any other values of k.
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We need a constraint to specify when a vertex is in the maximal independent
set, and when it is not in the maximal independent set. Looking again at Figure
1 we can see that vertex v2 is not in the maximal independent set M if vertices
v4 and v5 are in M or v1 and v3 are in M . We can express this with the following
constraint:

(v4 + v5 = 2) ∨ (v1 + v3 = 2) ↔ v2 = 0

where ↔ is the biconditional if and only if. Alternatively we can express when
v2 is in M . Therefore we might alternatively have the constraint

(v4 + v5 < 2) ∧ (v1 + v3 < 2) ↔ v2 = 1

The biconditional p ↔ q is logically equivalent to (p ∧ q) ∨ (¬p ∧ ¬q) and to
(p → q) ∧ (q → p). Therefore using the definitions below for (1) p, (2) ¬p, (3) q
and (4) ¬q we can describe the maximality constraint equivalently as p ↔ q, or
as (p → q) ∧ (q → p), or as (p ∧ q) ∨ (¬p ∧ ¬q)

p : vi = 1 (1)
¬p : vi = 0 (2)

q :
∧

e∈E(vi)
∑

vj∈V (e)−vi
vj < arity(e) − 1 (3)

¬q :
∨

e∈E(vi)
∑

vj∈V (e)−vi
vj = arity(e) − 1 (4)

where E(vi) is the set of edges involving variable/vertex vi and V (e) − vi is the
set of variables/vertices in the edge e excluding vertex vi.

As stated above, the maximum independent set is also a maximal indepen-
dent set. Consequently when reformulating a csp P of n variables as a problem
of finding an independent set of size n, we could also incorporate the redundant
maximality constraints. Therefore one of the questions we investigate is, does
the redundant maximality constraint improve search performance?

2.3 Balanced Incomplete Block Design

A balanced incomplete block design (bibd) is an arrangement of v objects into
b blocks, each of size k. Each element of v occurs in r blocks and every possible
pair of objects occurs together in λ blocks [6] Therefore, a bibd can be defined
by the quintuple 〈v, b, r, k, λ〉, and visualised as a v by b matrix of 0/1 values.
There are r 1’s in each row, k 1’s in each column, and the scalar product of any
two rows is equal to λ. Tabulated below is a matrix for the bibd 〈6, 10, 5, 3, 2〉

We encode this in the most naive way 2. We have v × b 0/1 variables, vi,j .
There are v sum constraints for each row and b sum constraints for each column.
For every pair of rows, (i, j), we generate b additional variables li,j,1 to li,j,b, and
b constraints of the form vi,k = 1 ∧ vj,k = 1 ↔ li,j,k = 1. Finally, for the pair of
rows we have the b−ary constraint

∑b
k=1 li,j,k = λ.

The biconditional can again be encoded in three ways, as described in the
previous subsection, and the summation constraints can be encoded as occur-
rence constraints.
2 A more efficient encoding is proposed in [7]
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Table 1. An instance of bibd 〈6, 10, 5, 3, 2〉

0 0 0 0 0 1 1 1 1 1
0 0 1 1 1 0 0 0 1 1
0 1 0 1 1 0 1 1 0 0
1 0 1 0 1 1 0 1 0 0
1 1 0 1 0 1 0 0 0 1
1 1 1 0 0 0 1 0 1 0

3 The Empirical Study

The experiments were run on two different machines. The Choco experiments
were run on a Pentium III 755 MHz processor with 256MB of ram, and the
Solver experiments on a Pentium III 933 MHz processor with 1GB of ram. We
use bibd’s as data sets for our study of (maximal) independent sets. The bibd
can be viewed as a regular hypergraph, with each vertex of degree r and each
hyperedge of arity k. We use three such hypergraphs which we denote A, B, and
C. Hypergraphs A and B both correspond to non-isomorphic instances of the
bibd 〈25, 50, 8, 4, 1〉 and C corresponds to an instance of 〈40, 130, 13, 4, 1〉.

Table 2. Search effort (nodes) and CPU time (milliseconds) to find the first indepen-
dent set of size k for hypergraphs A, B, and C.

k Sol Nodes ind1S ind2S ind1C ind2C

A 14 yes 170 125 93 290 20
15 no 36901 781 2812 70350 3530
16 no 17652 406 1359 35190 1760
17 no 7585 218 625 16420 800
18 no 3150 125 297 7220 350

B 14 yes 16 62 62 20 0
15 yes 16 62 62 20 0
16 no 17516 422 1344 36280 1740
17 no 7503 218 625 16960 790
18 no 3058 125 281 7050 340

C 21 yes 19219 609 2640 78280 2760
22 yes 101217 2875 13172 - 14320
23 no 8237508 225703 1059660 - 1147860
24 no 4136599 114734 512015 - 580200

In Table 2 we have the results of searching for the first independent set of
size k for the three hypergraphs. The column Sol is “yes” if an independent set
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of size k was found. Note that k is increasing as we move down the table, and
the last “yes” entry corresponds to the largest independent set. Results are given
for Ilog Solver 5.0 and Choco 1.07 implementations, where ind1 uses summation
of variables and ind2 uses the occurrence constraint, ind1S and ind2S are the
Solver implementations and ind1C and ind2C are the Choco implementations.
Both implementations explore the same number of nodes, as expected. Run time
is given in milliseconds, and where there is a − entry, the process was terminated
after more than 16 hours.

The difference between the Solver implementations is large, with the sum-
mation constraint (ind1S) significantly faster than the occurrence constraint
(ind2S). The difference is always in ind1S’s favour and is typically about a fac-
tor of three. In Choco the difference is typically a factor of about twenty, but this
time in the favour of ind2C. That is, the occurrence implementation dominates
the summation implementation in Choco by a factor of twenty, whereas in Solver
the summation dominates the occurrence constraint by a factor of three.

Table 3. Search effort (nodes) and CPU time (milliseconds) to find the first maximal
independent set of size k for hypergraphs A and B.

k Nodes mis1S mis2S mis3S mis1C mis2C mis3C

A 14 62 78 94 78 40 60 40
15 25093 6781 9781 3375 18450 31090 35620
16 15862 3469 5016 1969 13210 18630 22560
17 7585 1516 2172 969 5530 7380 9200
18 3150 641 891 437 1840 2630 3580

B 14 87 94 109 78 50 90 20
15 16 62 62 62 10 10 1860
16 15744 3453 4969 1937 14080 17980 22210
17 7485 1484 2156 937 4480 7500 9300
18 3058 609 875 422 2590 3610 3560

Table 3 gives the results of our study of the maximal independent set prob-
lems, i.e. a study of our different encodings of the biconditional constraint p ↔ q.
We use the two hypergraphs A and B, and search for the first maximal indepen-
dent set of size k. Again, experiments were performed in Ilog Solver and in Choco.
The column mis1S gives the Solver run time (milliseconds) for the encoding of
the biconditional p ↔ q, and mis1C is the Choco equivalent. Columns mis2S
and mis2C report on the encoding of the biconditional in Solver and Choco
as (p → q) ∧ (q → p), and columns mis3S and mis3C as (p ∧ q) ∨ (¬p ∧ ¬q).
All these encodings use the summation constraint, rather than the occurrence
constraint. From our results we see that in Solver (p∧ q)∨ (¬p∧¬q) (i.e. column
mis3S) is the fastest implementation of the biconditional, typically 50% faster
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than mis1S and twice as fast as mis2S. In Choco p ↔ q (i.e. mis1C) is the
fastest implementation of the biconditional.

Our final experiments are on first solution search for bibd using Choco. We
use the same problems studied by Prestwich [9].

Table 4. CPU time (milliseconds) to find the first bibd that satisfies the given param-
eters

Parameters bibd0 bibd1 bibd2 bibd3 bibd4 bibd5

〈7, 7, 3, 3, 1〉 30 10 10 10 20 10
〈6, 10, 5, 3, 2〉 70 30 40 30 40 3670
〈7, 14, 6, 3, 2〉 400 150 220 170 360 20
〈9, 12, 4, 3, 1〉 260 90 150 120 560 40
〈8, 14, 7, 4, 3〉 1000 340 500 410 820 –

Six different encodings are used. bibd0 uses the summation constraint,
whereas all others (bibd1 to bibd5) use the occurrence constraint. bibd0 and bibd1
encode the biconditional as p ↔ q, whereas bibd2 uses (p → q) ∧ (q → p). En-
coding bibd3 uses multiplication, i.e. the constraint (X = 1 ∧ Y = 1) → Z = 1
can be replaced with X × Y = Z, because X, Y, Z ∈ {0, 1}. Encoding bibd4 uses
the Choco constraint and(ifThen(p, q), ifThen(q, p)), and this behaves as two
lazy implications. Encoding bibd5 uses (p ∧ q) ∨ (¬p ∧ ¬q). These six encodings
are all logically equivalent, and the search processes all visit the same number
of nodes.

Comparing bibd0 with bibd1 we see again that in Choco the occurrence con-
straint is more efficient than the summation constraint, although not as signif-
icantly as in independent set (Table 2). Table 4 shows that the direct encoding
of the biconditional, bibd1, gives the best performance. Multiplication, bibd3 is
the next best thing, whereas the encoding (p ∧ q) ∨ (¬p ∧ ¬q) is again the worst,
failing to terminate in reasonable time on 〈8, 14, 7, 4, 3〉.

4 Different Model, Different Conclusion

The notion of maximality can be encoded as a redundant constraint when we
are searching for an independent set of size k if and only if we know that k is the
size of the largest independent set. In particular, we can use this constraint when
we reformulate a csp of n variables into the problem of finding an independent
set of size n in the corresponding hypergraph. Would this redundant constraint
pay off? We can compare some of the results from Table 2 with those in Table
3 to allow us to imagine how such an investigation might proceed.

The largest tabulated value of k for which we find a maximal independent
set also corresponds to the size of the largest independent set. Therefore we can
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compare Tables 2 and 3 for hypergraph A with k ≥ 14, and B with k ≥ 15
(i.e. B’s independent set of size 14 might not be maximal, therefore we can only
consider B problems with k ≥ 15).

In our imaginary (Choco) experiments we encode our problem using the sum-
mation constraint and search for an independent set of size k. This corresponds
to column ind1C in Table 2. We then encode our problem again, this time us-
ing the redundant maximality constraint. Assume this uses the encoding of the
biconditional corresponding to mis1C in Table 3, i.e. using Choco’s ifOnlyIf
constraint. This is re-tabulated in Table 5, comparing only mis1 with ind1 in
both Choco and Solver. The redundant constraint gives us a speed up of a factor
of about three. This suggests that our reformulation is an improvement, and we
might recommend it. In fact, we get an improvement regardless of our encodings
of the biconditional.

Table 5. CPU time (milliseconds) to find the largest independent set, with (mis) and
without (ind) the redundant maximality constraint. Does maximality help? It depends
on the toolkit.

k ind1S mis1S ind1C mis1C

A 14 125 78 290 40
15 781 6781 70350 18450
16 406 3469 35190 13210
17 218 1516 16420 5530
18 125 641 7220 1840

B 15 62 62 20 10
16 422 3453 36280 14080
17 218 1484 16960 4480
18 125 609 7050 2590

We can now imagine our experiments, but this time using Solver. We compare
column ind1S in Table 2 with columns mis1S, mis2S, and mis3S in Table 3.
Looking at Table 5 we see that the maximality constraint degrades performance,
sometimes by a factor of ten. Our Solver experiments would suggest that the
maximality constraint should be avoided, at all costs! Therefore, we can replicate
our empirical study, changing only the implementation toolkit and reach an
entirely different conclusion.

5 Why Was There a Difference in the Choco Encodings?

Why should there have been such a dramatic difference in the performance of
the sumV ars and occur constraints in Choco? The following is an explanation
due to Francois Laburthe, one of the authors of Choco:
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The constraint propagation phase in Choco is based on a dual event
queueing mechanism. The filtering algorithm of a constraint can be im-
plemented in two ways, either as one general revision procedure reaching
consistency from any state or as parametrised procedure that reach con-
sistency after a given domain reduction on a given variable. The first
behaviour corresponds to the general description of arc consistency al-
gorithms for constraints specified by list of feasible tuples; the second
corresponds to specialised propagation patterns inspired from rule-based
systems. Choco features two pools of pending events: domain updates
and constraint revisions. The first pool is of higher priority, i.e. whenever
all immediate propagation after the domain updates have been done, the
pending constraints are awoken.
The implementation used in this study propagates linear constraints as
delayed constraints (generic revision procedure) This was motivated by
the fact that one linear pass is enough to reach bounds consistency, no
matter the number of variables whose domain have been reduced since
the former AC state. This turns out to be too slow on the examples
above for the following reasons: (a) time is wasted checking whether there
are pending variable event before popping each constraint event (b) it
seems that this leads to more constraint checks in infeasible situations.
Choco has now been modified in the light of these results. The change
consisted in altering the management of linear constraints: up to a certain
number of variables (set by default to 8), they are propagated through
the variable event mechanism. When they involve more, they keep being
propagated in the constraint revision event mechanism.

With these changes in place, Choco’s performance is now no more than 6 times
worse than Solver over the data sets presented here. We can see in some cases
it is a close competitor. For example in Table 2, if we compare columns ind2S
and ind2C we see that both toolkits run in roughly the same time, even though
Choco is on a 755MHz machine and Solver is on a 933Hz machine.

6 Conclusion

We have examined two constraints, the biconditional and a restriction on the sum
of 0/1 variables. The various implementations presented are logically equivalent
and result in the same exploration of the search space. Yet the run times are often
very different. For example, one encoding was reliably twenty times faster than
another. Unfortunately, this did not translate across programming toolkits. We
saw that summation was faster than counting occurrences in Ilog Solver, yet it
was the other way round in Choco. Even more notable was that a good encoding
of the biconditional in Solver corresponded to the worst in Choco!

Why are there differences in run times when we make these subtle refor-
mulations? They have different types of constraints and different numbers of
constraints. The performance of arc consistency can be affected by the order
that constraints are processed (see for example [3] or [11]). This is one expla-
nation. The other is most obviously down to the way the toolkit providers have
implemented the various constraints in the first place (for example, section 5).
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What lessons can we learn? First, what we learn with one toolkit might
not carry over to another. Therefore, we need to exercise caution when picking
up a new tool. Second, when we have an implementation we should not let
it rest there; we should investigate other logically equivalent implementations.
That is, we should experiment. We often explore different ways of formulating
a problem, maybe reaching a conclusion that one formulation is better than the
other, measured as run time. Before we do this, we should make sure that we
have explored the finest level of formulation, the actual implementation. And
finally, as in other branches of science we should be encouraged to replicate
results, just as we have done here using two toolkits. Obviously there is value in
doing this.
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Abstract. Local search is often able to solve larger problems than systematic
backtracking. To apply it to a constraint satisfaction problem, the problem is often
treated as an optimization problem in which the search space is the set of total
assignments, and the number of constraint violations is to be minimized to zero.
Though often successful, this approach is sometimes unsuitable for structured
problems with few solutions. An alternative is to explore the set of consistent
partial assignments, minimizing the number of unassigned variables to zero. A
local search algorithm of this type violates no constraints and can exploit cost
and propagation techniques. This paper describes such an algorithm for balanced
incomplete block design generation. On a large set of instances it out-performs
several backtrackers and a neural network with simulated annealing.

1 Introduction

Local search has proved very successful on many combinatorial problems. It is incom-
plete and (usually) does not exploit cost and constraint reasoning, but its good scalability
sometimes makes it indispensable. The natural way to apply local search to optimization
problems is to explore the legal solutions and minimize the given cost function. This
is impractical for constraint satisfaction problems in which legal solutions are hard to
find. For such problems local search is therefore usually applied to the space of total
assignments, and the objective function to be minimized is the number of constraint
violations; if this becomes zero then a solution has been found.

As an example of a pure constraint satisfaction problem, consider the N-queens
problem with a popular model: N variables each taking a value from the integer domain
{1, . . . , N}, each variable corresponding to a queen and row, and each value to a column.
The constraints for this problem are that no two queens may attack each other (a queen
attacks another if they lie on the same row, column or diagonal). The usual local search
approach is to explore a space of total assignments, that is with all N queens placed
somewhere on the board. Figure 1(i) shows a total assignment containing two constraint
violations: the last queen can attack two others and vice-versa (attack is symmetrical). We
may try to remove these violations, at the risk of introducing new ones, by repositioning
a queen involved in a conflict — that is by reassigning a variable to another value. This is
the idea behind most local search algorithms for constraint satisfaction, which has been

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 132–143, 2003.
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Fig. 1. Local search spaces for N-queens

highly successful on many problems; for example Min-Conflicts Hill Climbing [6] for
binary CSPs, GSAT [17] for Boolean satisfiability, and many more recent algorithms.

However, a non-computer scientist (or at least a non-constraint programmer) might
design a very different form of local search for N-queens: begin placing queens randomly
in non-attacked positions; when a queen cannot be placed, randomly remove one or
more placed queens; continue until all queens are placed. The states of this algorithm
correspond to consistent partial assignments in our model, as shown in Figure 1(ii).
We may add and remove queens randomly, or bias the choice using heuristics. This
algorithm explores a different space but is still local search. We may view the number of
unassigned variables (unplaced queens) as the cost function to be minimized. No queens
can be added to the state in Figure 1(ii), which is therefore a local minimum under this
function. This approach is taken manually by dispatch schedulers [4]. Another usage
is the IMPASSE class of graph colouring algorithms [7], where a consistent partial
assignment is called a coloration neighborhood.

An advantage of this type of local search is that constraints are never violated,
avoiding the need for weighted sums of cost and infeasibility functions: local search can
concentrate its efforts on feasibility. For example in [14] local search was performed
on partial assignments consistent under cost constraints obtained from a relaxation of
an optimization problem. Upper and lower cost bounds were maintained in exactly the
same way as in branch-and-bound but scalability was improved. Furthermore, it found
optimal solutions while local search on the legal solutions (minimizing the given cost
function) failed to do so.

Another advantage is that this form of local search can be integrated with (at least
some forms of) constraint propagation in the tightest possible way: propagation prunes
states from the search space, as in many backtracking algorithms. In [10] coloration
neighborhoods were restricted to those consistent under forward checking, with im-
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Fig. 2. Forward checking in local search

proved results over IMPASSE colouring. Notice that though the state in Figure 1(ii) is
consistent, under constraint propagation it is inconsistent: the domain of the variable
corresponding to the last row is empty. Local search enhanced with constraint propaga-
tion prunes such states. Removing the queen on row 1 makes it FC-consistent (consistent
under forward checking) as shown in Figure 2(i); squares on free rows that are under
attack by at least one queen are shaded, and both free rows contain empty squares. How-
ever, this state cannot be extended while maintaining FC-consistency (placing a queen
in column 1 or 6 on row 1 or 6 causes all squares to be under attack on the other row) so
it is a local minimum.

To update variable domains while applying local search, we maintain a conflict count
for each variable-value pair. The conflict counts for the state in Figure 2(i) are shown in
Figure 2(ii). A conflict count denotes the number of constraints that would be violated if
the corresponding assignment were made. (This is distinct from local search algorithms
in which conflicts do occur and are counted.) They are computed incrementally on
[un]assigning a variable. Notice that the number of attacking queens on other rows are
counted (each potential attack corresponds to a binary constraint that would be violated),
and that the queens are placed on squares with zero conflict counts (corresponding to
values that have not been deleted from domains by forward checking). Conflict counts
can be generalized to non-binary constraints: they were used for unit propagation in a
local search algorithm for SAT in [14], generalized to propagation on 0/1 variables with
linear constraints in [11], and used to maintain arc-consistency in local search in [12].

Standard variable ordering heuristics can be used, for example selecting the variable
with smallest domain. An additional benefit of conflict counts is that we can obtain a
domain size for assigned variables as well as unassigned ones. In the example of Figure 2
the variables for rows 2–5 each have domain size 1, but in general these may be different.
This can be used to guide the selection of variables for unassignment, for example the
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variable with greatest domain size. These techniques are explored in [9], where such an
algorithm is shown to require even fewer search steps than Min-Conflicts Hill-Climbing
to solve N-queens problems.

Because this approach performs local search in a constrained space, we call it Con-
strained Local Search (CLS). Alternatively it can be viewed as a non-systematic form
of backtracking, which we call Incomplete Dynamic Backtracking. The relationships
between CLS and other search algorithms are discussed in other papers [9,10,14]. In the
next section we describe a CLS implementation for BIBD generation.

2 Constrained Local Search for BIBD Generation

BIBD generation is a standard combinatorial problem, originally used in the statistical
design of experiments but since finding other applications such as cryptography.A BIBD
is defined as an arrangement of v distinct objects into b blocks such that each block
contains exactly k distinct objects, each object occurs in exactly r different blocks, and
every two distinct objects occur together in exactly λ blocks. Another way of defining
a BIBD is in terms of its incidence matrix, which is a binary matrix with v rows, b
columns, r ones per row, k ones per column, and scalar product λ between any pair of
distinct rows. A BIBD is therefore specified by its parameters (v, b, r, k, λ). An example
is shown in Figure 3. It can be proved that for a BIBD to exist its parameters must satisfy
the conditions rv = bk, λ(v − 1) = r(k − 1) and b ≥ v, but these are not sufficient
conditions. Constructive methods can be used to design BIBDs of special forms, but
the general case is very challenging and there are surprisingly small open problems,
the smallest being (22,33,12,8,4). One source of intractability is the large number of
symmetries: given any solution, any two rows or columns may be exchanged to obtain
another solution. A survey of known results is given in [2] and some references and
instances are given in CSPLib (problem 28).1




1 0 1 1 1 0 0 0 0 1
0 0 1 1 0 1 1 0 1 0
1 1 0 1 0 0 0 1 1 0
0 0 0 0 1 0 1 1 1 1
0 1 1 0 0 1 0 1 0 1
1 1 0 0 1 1 1 0 0 0




Fig. 3. A solution to the BIBD instance (6, 10, 5, 3, 2)

The most direct CSP model for BIBD generation represents each matrix element by a
binary variable mij ∈ {0, 1}. There are three types of constraint: (i) v b-ary constraints
for the r ones per row, (ii) b v-ary constraints for the k ones per column, and (iii)
v(v − 1)/2 2b-ary constraints for the λ matching ones in each pair of rows. This is the

1 http://www.csplib.org
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constraint model we use for BIBDs, but instead of expressing the constraints directly we
express them via the integer variables defined below, giving a description that is closer
to the implementation:

– for each row there are two variables

ρ0
i = card{j ∈ {1 . . . b}| mij = 0} (1 ≤ i ≤ v)

ρ1
i = card{j ∈ {1 . . . b}| mij = 1} (1 ≤ i ≤ v)

– similarly for each column there are two variables

χ0
j = card{i ∈ {1 . . . v}| mij = 0} (1 ≤ j ≤ b)

χ1
j = card{i ∈ {1 . . . v}| mij = 1} (1 ≤ j ≤ b)

– to handle the scalar products there are two variables for each pair of rows

π1
ii′ = card{j ∈ {1 . . . b}| mij = 1 ∧ mi′j = 1} (1 ≤ i < i′ ≤ v)

π0
ii′ = card{j ∈ {1 . . . b}| mij = 0 ∨ mi′j = 0} (1 ≤ i < i′ ≤ v)

The constraints are expressed on these counts:

ρ1
i ≤ r ρ0

i ≤ b − r (1 ≤ i ≤ v)
χ1

j ≤ k χ0
j ≤ v − k (1 ≤ j ≤ b)

π1
ii′ ≤ λ π0

ii′ ≤ b − λ (1 ≤ i < i′ ≤ v)

Initially all the mij are unassigned so all counts are zero. It is clear that a total variable
assignment satisfying these constraints corresponds to a BIBD. Thus we have a local
search algorithm for BIBDs that performs back-checking on all constraints. We now add
forward checking, but only on the row and column constraints (it may be added to the
scalar product constraints in future work). For each matrix entry mij and domain value
b ∈ {0, 1} a conflict count κijb is maintained, which counts the number of constraints
that would be violated under the assignment mij = b.

All the counts are updated incrementally. For example on assigning mij = 0, ρ0
i and

χ0
j are incremented. If ρ0

i = b − r then κij′0 is incremented for all mij′ (where j �=j′)
not currently assigned to 0; and if χ0

i = v − k then κi′j0 is incremented for all mi′j
(where i �=i′) not currently assigned to 0. On incrementing a conflict count from 0 to 1,
the corresponding value is deleted from its domain, and its domain size updated. Counts
are similarly incremented on assigning mij = 1 and decremented on unassignment.
Note that if incrementing any count would violate a row or column constraint, or if a
domain size becomes zero, then the assignment is disallowed and its effects are removed.

By maintaining this information during search we can unassign any assigned variable
at any point (or assign any unassigned variable, subject to constraints), allowing very
flexible search strategies. It remains only to choose heuristics to guide the search, and
we use heuristics similar to those in previous papers on CLS. Variables are selected for
smallest domain size, breaking ties randomly. If the selected variable can be assigned a
value then assign it, otherwise backtrack. To backtrack we unassign one or more assigned
variables, in fact B ≥ 1 variables where B is an integer noise parameter specified by the
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FC-CBJ-
FC-CBJ-DG SVP-VM NN-SA CLS

parameters vb solns nodes ms nodes ms solved back ms
7 7 3 3 1 49 50 21 1.4 21 4 yes 61 0
6 10 5 3 2 60 50 60 3.6 30 6 yes 141 1
7 14 6 3 2 98 50 2152 130 44 12 yes 293 3
9 12 4 3 1 108 50 40 1.8 48 10 yes 386 7
6 20 10 3 4 120 18 435 3700 62 35 yes 284 3
7 21 9 3 3 147 16 2877 4300 69 44 yes 364 6
6 30 15 3 6 180 6 196 9900 95 140 yes 430 9
7 28 12 3 4 196 11 195 7600 86 120 yes 502 13
9 24 8 3 2 216 44 763 1200 77 84 yes 536 23
6 40 20 3 8 240 3 156 1700 126 390 yes 457 214
7 35 15 3 5 245 6 230 1500 109 270 yes 444 18
7 42 18 3 6 294 6 141 1900 133 480 yes 619 32
10 30 9 3 2 300 38 181 3400 123 200 yes 1518 55
6 50 25 3 10 300 1 1057 31000 156 830 yes 517 32
9 36 12 3 3 324 29 478 6800 173 380 yes 1623 47
13 26 6 3 1 338 50 1076 350 145 170 yes 4548 154
7 49 21 3 7 343 2 151 33000 163 790 yes 578 38
6 60 30 3 12 360 2 139 46000 185 1500 yes 487 29
7 56 24 3 8 392 1 36401 46000 173 1200 yes 1604 50
6 70 35 3 14 420 0 0 54000 217 2300 yes 1602 56
9 48 16 3 4 432 19 685 16000 152 730 yes 1631 81
7 63 27 3 9 441 0 0 6000 193 1700 yes 1606 63
8 56 21 3 6 448 5 285 37000 323 2000 yes 1645 80
6 80 40 3 16 480 0 0 72000 246 3600 yes 1569 69

Fig. 4. Results with vb < 1400 and k = 3 (1 of 2)

user at runtime. It is called a noise parameter because it plays the same role as noise in
more standard forms of local search: to escape from local minima. For unassignment the
reverse heuristic is used: select variables for greatest domain size, breaking ties randomly.
Values are chosen with a preference for the last value used (initialized randomly), but to
avoid stagnation a small random factor is added.

In the next section we evaluate this algorithm on a large number of BIBD instances,
and compare its performance with published results.

3 Experimental Results

As noted in [1] most combinatorics work on BIBDs focuses on unsolved problems and
few papers collect a large set of computational results, though several authors give results
on a small number of instances. We compare results for CLS with the only extensive
published results we know of for BIBDs. From [5] we obtain results for: (i) forward
checking with conflict-directed backjumping and variable ordering based on domain
size and degree (FC-CBJ-DG) [15]; (ii) the same algorithm enhanced with heuristics
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FC-CBJ-
FC-CBJ-DG SVP-VM NN-SA CLS

parameters vb solns nodes ms nodes ms solved back ms
7 70 30 3 10 490 1 235 67000 216 2400 no 1621 81
15 35 7 3 1 525 48 395 980 193 390 yes 12586 548
12 44 11 3 2 528 41 591 5100 204 670 yes 6639 285
7 77 33 3 11 539 0 0 93000 240 3300 no 2593 106
9 60 20 3 5 540 12 386 29000 238 1600 yes 2603 133
7 84 36 3 12 588 1 1027 92000 254 4200 yes 2585 112
10 60 18 3 4 600 12 613 26000 188 1500 no 4594 204
11 55 15 3 3 605 33 680 12000 229 1300 yes 5559 234
7 91 39 3 13 637 0 0 130000 277 5400 no 3564 165
9 72 24 3 6 648 8 671 42000 309 3000 no 4628 201
13 52 12 3 2 676 43 298 4600 1008 3400 yes 8541 317
9 84 28 3 7 756 8 2054 54000 257 4200 no 4594 229
9 96 32 3 8 864 9 3997 66000 295 6400 no 5549 326
10 90 27 3 6 900 8 3131 56000 286 5300 no 8419 502
9 108 36 3 9 972 3 1193 96000 341 40000 no 8507 501
13 78 18 3 3 1014 37 1392 16000 280 3500 18454 1099
15 70 14 3 2 1050 36 1647 23000 1058 5700 25472 1501
12 88 22 3 4 1056 33 1271 28000 296 5000 15486 945
9 120 40 3 10 1080 6 10429 110000 461 14000 11471 658
19 57 9 3 1 1083 46 778 4800 745 6900 64528 3912
10 120 36 3 8 1200 4 9927 110000 377 13000 13581 896
11 110 30 3 6 1210 24 2491 49000 366 36000 13440 914
16 80 15 3 2 1280 40 2275 23000 490 4700 39486 2812
13 104 24 3 4 1352 30 1076 49000 344 8500 24507 1815

Fig. 5. Results with vb < 1400 and k = 3 (2 of 2)

for exploiting problem symmetries (FC-CBJ-SVP-VM). Both were executed on a Sun
Ultra 60 with 360MHz. From [1] we obtain results for a neural network with simulated
annealing as a relaxation strategy, which we shall refer to as NN-SA. This solved more
BIBD instances than two other relaxation strategies: simple hill climbing and a novel
strategy called parallel mean search. It was executed on a Connection Machine CM-200
with 2048 processors, and because of the parallel platform no execution times were
given. CLS was executed on a 300 MHz DEC Alphaserver 1000A 5/300 under Unix.

First we consider the solvable instances withvb < 1400 andk = 3. Results are shown
in Figures 4 and 5, where mean CPU times are given in milliseconds, the mean number
of search tree nodes is shown for the backtrackers, and the mean number of backtracks
shown for CLS with noise level 2. All algorithms except NN-SA were executed 50 times
per instance with different random seeds, and column solns shows in how many runs a
solution was found in the time limit (hence the long execution times in cases where few
or no solutions were found). FC-CBJ-SVP-VM solves almost all instances, failing only
once on 3 instances, whereas NN-SA fails on several instances and FC-CBJ-DG fails
more often. CLS is the most successful algorithm, solving all instances 50 times and



A Local Search Algorithm for Balanced Incomplete Block Designs 139

NN-SA CLS
parameters vb solved noise backtracks sec
8 14 7 4 3 112 yes 2 282 0.0
11 11 5 5 2 121 yes 2 2544 0.04
10 15 6 4 2 150 yes 2 2852 0.04
9 18 8 4 3 162 yes 2 2714 0.05
13 13 4 4 1 169 yes 2 674 0.01
10 18 9 5 4 180 yes 2 5172 0.12
8 28 14 4 6 224 yes 2 2408 0.06
15 15 7 7 3 225 yes 2 30488 0.61
11 22 10 5 4 242 yes 2 47868 1.2
16 16 6 6 2 256 yes 2 25662 0.54
12 22 11 6 5 264 no 2 48516 1.23
10 30 12 4 4 300 yes 2 3632 0.12
16 20 5 4 1 320 yes 3 6771 0.16
9 36 16 4 6 324 yes 2 7316 0.21
8 42 21 4 9 336 no 2 8004 0.25
13 26 8 4 2 338 yes 2 13552 0.5
13 26 12 6 5 338 no 2 283418 7.93
10 36 18 5 8 360 no 2 30432 1.08
19 19 9 9 4 361 no 1 320158 9.73
11 33 15 5 6 363 no 2 51228 1.79
14 26 13 7 6 364 no — no —
16 24 9 6 3 384 no 1 320052 9.8
12 33 11 4 3 396 yes 3 11706 0.33
21 21 5 5 1 441 yes 3 9576 0.22
8 56 28 4 12 448 no 2 3072 0.12
10 45 18 4 6 450 no 2 2314 0.08
15 30 14 7 6 450 no — no —
16 30 15 8 7 480 no — no —
11 44 20 5 8 484 no 2 31076 1.13

Fig. 6. Results with vb < 1000 and k �= 3 (1 of 3)

taking a fraction of the time of the enhanced backtracker (assuming comparable speeds
for the two machines).

It is interesting to note that on some instances CLS takes many more search steps than
the backtrackers to find a solution but is much faster. Though it exploits backtrack-style
techniques such as forward checking, as a local search algorithm it can recover from
mistakes quickly (at least in principle); a backtracker may take an exponential time to
recover from a poor decision high in the search tree, so it must do more work at each
step to ensure good choices. CLS can therefore afford to use simpler techniques than
a backtracker. In this case CLS does not perform symmetry breaking, which probably
accounts for the different in speed. The use of symmetry breaking could be added to
CLS but other work suggests that this will not improve the results. In previous papers
[8,13] the addition of symmetry breaking constraints was found to increase the number
of local search steps on several problems (including BIBD generation with a different
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NN-SA CLS
parameters vb solved noise backtracks sec
9 54 24 4 9 486 no 3 5739 0.21
13 39 12 4 3 507 no 3 33426 1.22
13 39 15 5 5 507 no 2 257178 11.2
16 32 12 6 4 512 no — no —
15 35 14 6 5 525 no — no —
12 44 22 6 10 528 no 2 647678 27.9
23 23 11 11 5 529 no — no —
10 54 27 5 12 540 no 2 24100 0.98
8 70 35 4 15 560 no 3 3750 0.13
17 34 16 8 7 578 no — no —
10 60 24 4 8 600 no 2 14418 0.75
11 55 20 4 6 605 no 3 17787 0.8
11 55 25 5 10 605 no 2 86634 4.45
18 34 17 9 8 612 no — no —
25 25 9 9 3 625 no — no —
15 42 14 5 4 630 no 1 690050 42.9
21 30 10 7 3 630 no — no —
16 40 10 4 2 640 no 2 89090 4.22
16 40 15 6 5 640 no — no —
9 72 32 4 12 648 no 2 10262 0.54
15 45 21 7 9 675 no — no —
13 52 16 4 4 676 no 3 89193 3.76
13 52 24 6 10 676 no 2 1133166 49.7
10 72 36 5 16 720 no 3 28620 1.33
19 38 18 9 8 722 no — no —
11 66 30 5 12 726 no 2 28148 1.52
22 33 12 8 4 726 no — no —
15 52 26 7 12 780 no — no —

Fig. 7. Results with vb < 1000 and k �= 3 (2 of 3)

model). The symmetry breaking approach of [5] does not add constraints to the model
at the start of the search so these results may not apply, but they indicate that symmetries
are not necessarily harmful for local search.

Next we consider the solvable instances with vb < 1000 and k �= 3. Results are
shown for CLS and NN-SA in Figures 6, 7 and 8. These problems are considerably
harder, so CLS was executed three times per instance with noise levels 1, 2 and 3.
The best result is reported in each case, “no” denoting that no solution was found after
2,000,000 backtracks. All instances solved by NN-SA were also solved by CLS. NN-SA
solves 18/86 instances while CLS solves 54/86. Including the 39 instances with k = 3
and vb < 1000 from the earlier tables, NN-SA solves 54/125 instances (43.2%) while
CLS solves 93/125 (74.4%).

In a previous paper [11] the experiments on the easier instances (vb < 1400, k = 3)
were performed using a version of CLS for 0/1 integer programs. A 0/1 model of BIBD
generation was used to encode the problems that introduced an auxiliary variable for
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NN-SA CLS
parameters vb solved noise backtracks sec
27 27 13 13 6 729 no — no —
21 35 15 9 6 735 no — no —
10 75 30 4 10 750 no 3 21420 0.92
25 30 6 5 1 750 yes 2 361682 14.3
20 38 19 10 9 760 no — no —
16 48 15 5 4 768 no 1 694455 43.2
16 48 18 6 6 768 no — no —
12 66 22 4 6 792 no 1 22626 1.38
12 66 33 6 15 792 no 1 199475 12.8
9 90 40 4 15 810 no 2 12862 0.69
13 65 20 4 5 845 no 2 23760 1.4
11 77 35 5 14 847 no 1 97508 5.11
21 42 10 5 2 882 no — no —
21 42 12 6 3 882 no — no —
21 42 20 10 9 882 no — no —
16 56 21 6 7 896 no — no —
10 90 36 4 12 900 no 2 20348 0.99
15 60 28 7 12 900 no — no —
18 51 17 6 5 918 no — no —
22 42 21 11 10 924 no — no —
15 63 21 5 6 945 no 1 423463 30.7
16 60 15 4 3 960 no 1 187646 6.31
16 60 30 8 14 960 no — no —
31 31 6 6 1 961 yes 2 121008 2.04
31 31 10 10 3 961 no — no —
31 31 15 15 7 961 no no
11 88 40 5 16 968 no 1 61386 4.07
22 44 14 7 4 968 no — no —
25 40 16 10 6 1000 no — no —

Fig. 8. Results with vb < 1000 and k �= 3 (3 of 3)

each pair of matrix rows. This algorithm performed similarly to the enhanced back-
tracker, and considerably more slowly than the specialized implementation described
here. Several other recent papers mention BIBD generation. In [13] five instances are
considered: (7,7,3,3,1), (6,10,5,3,2), (7,14,6,3,2), (9,12,4,3,1) and (8,14,7,4,3). These
are SAT-encoded and passed to three SAT algorithms using backtracking, local search
and a hybrid (a SAT implementation of CLS). Computational results were unexpect-
edly poor, the fifth instance being unsolved after several hundred seconds by any SAT
algorithm. In [16] the same five instances are considered, with better results. Using six
different encodings in the Choco constraint system, all are solved in 10–3670 ms. In
[3] a matrix model is used to break symmetries, and all non-symmetrical solutions to
(8,14,7,4,3) are found in 238 seconds.
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4 Conclusion

This paper described and tested a Constrained Local Search (CLS) algorithm for the
problem of BIBD generation. Previous papers have argued that this form of local search
is well-suited to large, structured combinatorial problems with few solutions. It combines
the scalability of local search with the space-pruning ability (but not the completeness)
of constraint programming. The BIBD results support this view: CLS outperformed ex-
isting backtrack-based approaches, and solved more instances than another local search
algorithm (a neural network with simulated annealing).

Is a specialised algorithm necessary? In a previous paper [11] a CLS algorithm for
linear pseudo-Boolean was applied to BIBD generation (among other problems) and
gave results comparable to those of the best backtracker of [5]. The algorithm reported
in this paper is much faster, showing that a specialised CLS algorithm can greatly out-
perform a general-purpose CLS algorithm on a given problem.

It would be nice to report the solution of at least one open problem. So far we have
not achieved this (of course they may all be unsolvable) but will attempt to do so in future
work. To improve the algorithm, forward checking could be applied to the scalar product
constraints. Alternatively the linear pseudo-Boolean implementation of CLS could be
extended to handle non-linear constraints, so that no auxiliary variables are necessary.
However, both approaches would need O(v2b) memory whereas the algorithm in this
paper needs only O(vb), making it well-suited to very large instances.

Acknowledgments. This work has received support from Science Foundation Ireland
under Grant 00/PI.1/C075.
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Abstract. Propositional Satisfiability (SAT) solvers have been the sub-
ject of remarkable improvements in the last few years. Currently, the
most successful SAT solvers share a number of similarities, being based
on backtrack search, applying unit propagation, and incorporating a
number of additional search pruning techniques. Most, if not all, of the
search reduction techniques used by state-of-the-art SAT solvers have
been imported from the Constraint Satisfaction Problem (CSP) domain
and, most significantly, include forms of backjumping and of nogood
recording. This paper proposes to investigate the actual usefulness of
these CSP techniques in SAT solvers, with the objective of evaluating
the actual role played by each individual technique.

1 Introduction

The areas of Constraint Satisfaction Problem (CSP) and Propositional Satisfi-
ability (SAT) have been the subject of intensive research in recent years, with
significant theoretical and practical contributions. In the area of SAT, several
highly optimized solvers have been developed [3,11,16,17,26]. These state-of-
the-art SAT solvers can now very easily solve very large, very hard real-world
problem instances, which more traditional SAT solvers are totally incapable of.
All of these highly effective SAT solvers are based on improvements made to the
original Davis-Putnam-Logemann-Loveland (DPLL) backtrack search SAT al-
gorithm [6]. Such improvements range from new search strategies, to new search
pruning and reasoning techniques, and to new fast implementations.

Moreover, the relationship between SAT and CSP has become apparent due
to an increasing number of mappings between SAT and CSP that have recently
been proposed [10,24]. These different encodings have shed new insights on solv-
ing hard instances of CSP. Moreover, such results motivate a better understand-
ing of the actual usefulness of the CSP techniques that have been utilized in
successful SAT solvers.

Regarding different algorithmic solutions for SAT, and despite the potential
theoretical and practical interest of all of them, we believe backtrack search to
be the most robust approach for solving hard, structured, real-world instances of
SAT. This belief has been amply supported by extensive experimental evidence
obtained in recent years [3,11,16,17,26]. Moreover, the most effective algorithms
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are complete, and so able to prove what local search is not capable of, i.e. un-
satisfiability. Indeed, this is often the objective in a large number of significant
SAT-related real-world applications.

Most if not all backtrack search SAT algorithms also incorporate propagation
techniques for consistency checking, by applying Boolean constraint propagation
(BCP) [25]. (Observe that backtrack search with BCP, i.e. DPLL, is conceptually
similar to the maintaining arc consistency algorithm (MAC) [21], and equivalent
for suitable mappings [1,10,24].) Another strategy for reducing the number of
searched nodes consists of performing back jumps in the search tree, skipping
portions of the search space that can be shown not to contain a solution. In this
context, and whenever a consistency check fails, conflict-directed backjumping
(CBJ) [19] enables the search process to safely jump directly to the cause of the
conflict.

In addition, state-of-the-art SAT solvers [3,11,16,17,26] effectively use learn-
ing techniques. In these solvers, whenever a conflict (dead-end) is reached, a new
clause (nogood) is recorded to prevent the occurrence of the same conflict again
during the subsequent search. Moreover, and from the first SAT solvers that
incorporated non-chronological backtracking (NCB) [3,16], learning has always
been a key component of the search algorithm, where recorded nogoods are used
to determine the search point to backtrack to.

Hence, it is certainly relevant to conduct an unbiased evaluation of the iso-
lated usefulness of DPLL-CBJ and of learning on a successful SAT solver. This
work will allow us to find out whether a DPLL-CBJ SAT algorithm is enough per
se, or the algorithm should definitely include nogood learning techniques. There-
fore, the objectives of this paper are two-fold. First, to describe the organization
of a DPLL-CBJ SAT algorithm. Second, to evaluate the effect of learning in this
algorithm. For this purpose, we developed a general framework that implements
a DPLL-CBJ SAT algorithm with and without nogood recording. Moreover, we
evaluate the performance on a representative set of instances, obtained from dif-
ferent real-world problems. This evaluation allows us to confirm and extend the
preliminary experimental results presented in [2].

The remainder of the paper is organized as follows. Next, we introduce def-
initions used throughout the other sections. Moreover, we provide a histori-
cal perspective regarding the evolution of both CSP and SAT. Afterwards, we
briefly describe chronological backtrack (CB) algorithms for SAT. In Section 4
we overview non-chronological backtracking (NCB) SAT algorithms, and further
relate them with DPLL-CBJ. Experimental results are given in Section 5, and
finally Section 6 concludes the paper.

2 Background

This section introduces the notational framework used throughout the paper,
for CSP and SAT. Moreover, we provide a historical perspective for both areas.
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2.1 CSP

A CSP consists of a set of variables V and a set of constraints C. Each variable
v ∈ V has a domain of values Mv of size mv. Each a-ary constraint c ∈ C restricts
a tuple of variables 〈v1, ..., va〉 to an allowed combination of simultaneous values
for the variables in the tuple. In a binary CSP, each constraint is a relation
between two variables. Any binary CSP can be associated with a constraint
graph, where the nodes represent variables and each edge links a pair of nodes if
and only if there is a constraint on the corresponding variables. A CSP consists
of deciding whether there exists a (consistent) assignment to the variables such
that all the constraints are satisfied, i.e. no c ∈ C is violated.

In tree search algorithms for CSP the variables are incrementally instantiated
with values from their respective domains. In chronological backtrack (CB), when
a value is assigned to a variable, consistency checking is performed backwards
against the already instantiated variables. If a conflict (dead-end) is reached,
the algorithm backtracks to the most recent (not wiped-out1) assigned variable,
changes its assignment and continues from there.

Trying to improve the performance of backtrack search entails deciding how
far to backtrack and also recording the reasons for the dead-end in the form of
new constraints (nogoods). The idea of going back several levels in a dead-end
situation, rather than going back to the chronologically most recent decision, was
exploited independently in [9], where the term backjumping (BJ) was introduced,
and in [23] as a part of the dependency-directed backtracking algorithm. Another
example is Dechter’s graph-based backjumping (GBJ) [8] that proposes to jump
back to the source of the failure by using knowledge extracted from the constraint
graph. In addition, conflict-directed backjumping (CBJ) [19] consists of keeping
a set of past variables that failed consistency checks with each variable, based
on dependencies from the constraints.

Arc-consistency (AC) [15] is a polynomial propagation algorithm commonly
used in CSP. A state is arc-consistent if every variable has a value in its domain
that is consistent with each of the constraints on that variable. Arc consistency
can be achieved by successive deletion of values that are inconsistent with some
constraint. As values are deleted, other values may become inconsistent because
they relied on the deleted values. Arc consistency therefore exhibits a form of
constraint propagation, as choices are gradually narrowed down. Furthermore,
maintaining arc consistency (MAC) [21] is a solution procedure which incorpo-
rates and further maintains arc consistency during backtrack search. In addition,
MAC can be improved by adding conflict-directed backjumping (CBJ), thus ob-
taining the algorithm MAC-CBJ [20].

2.2 SAT

In a SAT problem, propositional variables are denoted x1, . . . , xn, and can be
assigned truth values 0 (or F ) or 1 (or T ). The truth value assigned to a variable x

1 A variable domain is wiped-out when all values have been tried for that variable
without success.
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is denoted by ν(x). (When clear from context we use x = νx, where νx ∈ {0, 1}).
A literal l is either a variable xi or its negation ¬xi. A clause ω is a disjunction
of literals and a CNF formula ϕ is a conjunction of clauses. A clause is said to
be satisfied if at least one of its literals assumes value 1, unsatisfied if all of its
literals assume value 0, unit if all but one literal assume value 0, and unresolved
otherwise. Literals with no assigned truth value are said to be free literals. A
formula is said to be satisfied if all its clauses are satisfied, and is unsatisfied if
at least one clause is unsatisfied. A truth assignment A for a formula is a set
of assigned variables and their corresponding truth values. The SAT problem
consists of deciding whether there exists a truth assignment to the variables
such that the formula becomes satisfied.

Over the years a large number of algorithms has been proposed for SAT,
from the original Davis-Putnam procedure (DP) [7], to recent backtrack search
algorithms [3,12,16,17,26], to local search algorithms [22], among many others.
Among the different algorithms, we believe backtrack search to be the most ro-
bust approach for solving hard, structured, real-world instances of SAT. Observe
that only complete algorithms can establish unsatisfiability if given enough CPU
time, which is often a requirement when considering real-world instances.

The vast majority of backtrack search SAT algorithms build upon the orig-
inal backtrack search algorithm of Davis, Logemann and Loveland (DPLL) [6].
Moreover, non-chronological backtracking strategies (NCB) attempt to identify
the variable assignments causing a conflict and backtrack directly to a point so
that at least one of those variable assignments is modified. GRASP [16] and rel-
sat [3] are examples of SAT solvers that successfully implement non-chronological
backtracking.

Recent state-of-the-art SAT solvers are also characterized by using very effi-
cient data structures, intended to reduce the CPU time required per each node in
the search tree. Examples of efficient lazy data structures include the head/tail
lists used in SATO [26] and the watched literals used in Chaff [17].

3 Chronological Backtrack SAT Algorithms

A backtrack search SAT algorithm is implemented by a search process that im-
plicitly enumerates the space of 2n possible binary assignments to the n problem
variables. Each different truth assignment defines a search path within the search
space. A decision level is associated with each variable selection and assignment.
The first variable selection corresponds to decision level 1, and the decision level
is incremented by 1 for each new variable decision assignment2. When relevant
to the context, we use an assignment notation to indicate the decision level at
which the variable assignment occurred. Thus, x = νx@d reads as ”x is assigned
νx at decision level d”. In addition, and for each decision level, the unit clause
rule [7] is applied. If a clause is unit, then the sole free literal must be assigned
value 1 for the formula to be satisfied. In this case, the value of the literal and of
2 Observe that all the assignments made before the first decision assignment corre-

spond to decision level 0.
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the associated variable are said to be implied. The iterated application of the unit
clause rule is often referred to as Boolean Constraint Propagation (BCP) [25].

In chronological backtracking (CB), the search algorithm keeps track of which
decision assignments have been toggled. Given an unsatisfied clause (i.e. a con-
flict or a dead end) at decision level d, the algorithm checks whether at the
current decision level the corresponding decision variable x has already been
toggled. If not, the algorithm erases the variable assignments which are implied
by the assignment on x, including the assignment on x, assigns the opposite
value to x, and marks decision variable x as toggled. In contrast, if the value of
x has already been toggled, the search backtracks to decision level d − 1.

4 Non-chronological Backtrack SAT Algorithms

All of the most effective recent state-of-the-art SAT solvers [3,11,16,17,26] uti-
lize different forms of non-chronological backtracking (NCB). Non-chronological
backtracking backs up the search tree to one of the identified causes of failure,
skipping over irrelevant variable assignments.

x� � �

x� � �

x� � �

x�

x�

x�x�

x� x�

chronological

backtrack

�

�

�

non�chronological

backtrack

�

�

� �

�

�

�

�

decision tree

solution�

Fig. 1. Non-Chronological Backtracking

For example, let us consider Figure 1, that illustrates non-chronological back-
tracking for a given CNF formula. Once both x1 and x2 are assigned value 0,
there are no possible assignments for the remaining variables x3 and x4 that can
satisfy the formula. In this example, chronological backtracking wastes a poten-
tially significant amount of time exploring a region of the search space without
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solutions, only to discover, after potentially much effort, that the region does
not contain any satisfying assignments.

The forms of non-chronological backtracking used in state-of-the-art SAT
solvers are related to dependency-directed backtracking [23], since they are al-
ways associated with learning from conflicts. The incorporation of learning con-
sists of the following: for each identified conflict, its causes are identified, and a
new clause (called nogood) is created to explain and subsequently prevent the
identified conflicting conditions.

In the next section we address conflict-directed backjumping (CBJ) [19], an-
other form of non-chronological backtracking that does not incorporate learning.
Afterwards, we describe the use of conflict-directed backjumping jointly with
learning.

4.1 Conflict-Directed Backjumping

Conflict-directed backjumping (CBJ) [19] is the most accurate form of backjump-
ing, and can be considered a combination of Gaschnig’s backjumping (BJ) [9]
and Dechter’s graph-based backjumping (GBJ) [8].

BJ aims performing higher jumps in the search tree, rather than backtracking
to the most recent yet untoggled decision variable. For each value of a variable
vj , Gaschnig’s algorithm obtains the lowest level for which the considered assign-
ment is inconsistent. In addition, BJ uses a marking technique that maintains,
for each variable vj , a reference to a variable vi with the deepest level of the
different levels with which any value of vj was found to be inconsistent. Hence,
a backjump from vj is to vi. Moreover, if the domain of vi is wiped-out, then
the search must chronologically backtrack to vi−1. q

As an improvement, Dechter’s GBJ extracts knowledge about dependencies
from the constraint graph. CBJ builds upon this idea and, based on dependen-
cies from the constraints, records the set of past variables that failed consistency
checks with each variable v. This set (called conflict set in [8]) allows the algo-
rithm to perform multiple jumps.

4.2 Learning and Conflict-Directed Backjumping

Learning can be combined with CBJ when each identified conflict is analyzed, its
causes are identified, and a nogood is recorded to explain and prevent the iden-
tified conflicting conditions from occurring again during the subsequent search.
Moreover, the newly recorded nogood is then used to compute the backtrack
point as the most recent decision assignment from all the decision assignments
represented in the recorded nogood.

For implementing learning techniques common to some of the most compet-
itive backtrack search SAT algorithms, it is necessary to properly explain the
truth assignments to the propositional variables that are implied by the clauses
of the CNF formula. For example, let x = vx be a truth assignment implied by
applying the unit clause rule to a unit clause ω. Then the explanation for this
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Fig. 2. Example of conflict diagnosis with nogood recording

assignment is the set of assignments associated with the remaining literals of ω,
which are assigned value 0. For example, let ω = (x1 ∨¬x2 ∨x3) be a clause of a
CNF formula ϕ, and assume the truth assignments {x1 = 0, x3 = 0}. For clause ω
to be satisfied we must necessarily have x2 = 0. Hence, we say that the antecedent
assignment of x2, denoted as A(x2), is defined as A(x2) = {x1 = 0, x3 = 0}.

In addition, in order to explain other NCB-related concepts, we shall often
analyze the directed acyclic implication graph created by the sequences of implied
assignments generated by BCP. An implication graph I is defined as follows:

1. Each vertex in I corresponds to a variable assignment at a given decision
level x = ν(x)@d.

2. The predecessors of vertex x = ν(x) in I are the antecedent assignments
A(x) corresponding to the unit clause ω that caused the value of x to be
implied. The directed edges from the vertices in A(x) to vertex x = ν(x) are
all labeled with ω. Vertices that have no predecessors correspond to decision
assignments.

3. Special conflict vertices are added to I to indicate the occurrence of conflicts.
The predecessors of a conflict vertex κ correspond to variable assignments
that force a clause ω to become unsatisfied and are viewed as the antecedent
assignment A(κ). The directed edges from the vertices in A(κ) to κ are all
labeled with ω.

Next, we illustrate nogood recording with the example of Figure 2. A subset
of the CNF formula is shown, and we assume that the current decision level is
6, corresponding to the decision assignment x1 = 1. This assignment yields a
conflict κ involving clause ω6. By inspection of the implication graph, we can
readily conclude that a sufficient condition for this conflict to be identified is,

(x10 = 0) ∧ (x11 = 0) ∧ (x9 = 0) ∧ (x1 = 1) (1)

By creating clause ω10 = (x10 ∨ x11 ∨ x9 ∨ ¬x1) we prevent the same set of
assignments from occurring again during the subsequent search.
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Fig. 3. Computing the backtrack decision level

In order to illustrate non-chronological backtracking based on nogood record-
ing, let us now consider the example of Figure 3, which continues the example in
Figure 2, after recording clause ω10 = (x10 ∨ x11 ∨ x9 ∨ ¬x1). At this stage BCP
implies the assignment x1 = 0 because clause ω10 becomes unit at decision level
6. By inspection of the CNF formula (see Figure 2), we can conclude that clauses
ω7 and ω8 imply the assignments shown, and so we obtain a conflict κ′ involving
clause ω9. By creating clause ω11 = (¬x13 ∨¬x12 ∨x11 ∨x10 ∨x9) we prevent the
same conflicting conditions from occurring again. It is straightforward to con-
clude that even though the current decision level is 6, all assignments directly
involved in the conflict are associated with variables assigned at decision levels
less than 6, the highest of which being 3. Hence we can backtrack immediately
to decision level 3.

4.3 Nogood Deletion Policy

Unrestricted nogood recording can in some cases be impractical. Recorded no-
goods consume memory and repeated recording of nogoods can eventually lead
to the exhaustion of the available memory. Observe that the number of recorded
nogoods grows with the number of conflicts; in the worst case, such growth can be
exponential in the number of variables. Furthermore, large recorded nogoods are
known for not being particularly useful for search pruning purposes [16]. Adding
larger nogoods leads to additional overhead for conducting the search process
and, hence, it eventually costs more than what it saves in terms of backtracks.

As a result, there are three main solutions for guaranteeing the worst case
growth of the recorded nogoods to be polynomial in the number of variables [14]:

1. We may consider n-order learning, that records only nogoods with n or fewer
literals [8].

2. Nogoods can be temporarily recorded while they either imply variable as-
signments or are unit clauses, being discarded as soon as the number of
unassigned literals is greater than an integer m. This technique is named
m-size relevance-based learning [3].
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3. Nogoods with a size less than a threshold k are kept during the subsequent
search, whereas larger nogoods are discarded as soon as the number of unas-
signed literals is greater than one. We refer to this technique as k-bounded
learning [16].

Observe that we can combine k-bounded learning with m-size relevance-based
learning. The search algorithm is organized so that all recorded nogoods of size
no greater than k are kept and larger nogoods are deleted only after m literals
have become unassigned.

More recently, a heuristic nogood deletion policy has been introduced [11].
Basically, the decision whether a nogood should be deleted is based not only on
the number of literals but also on its activity in contributing to conflict making
and on the number of decisions taken since its creation.

5 Experimental Results

In this section we present the obtained experimental results. We start by de-
scribing the experimental setup that has been used for the different results.
Then we analyze the results for the DPLL-CB SAT algorithm, the DPLL-CBJ
SAT algorithm and the DPLL-CBJ SAT algorithm with nogood recording.

5.1 Experimental Setup

In order to experimentally evaluate the different algorithms, in a controlled ex-
periment that ensures that only specific differences are evaluated, a dedicated
SAT solving framework is needed. Consequently, we developed the JQUEST
SAT framework, a Java implementation that can be used to conduct unbiased
experimental evaluations of SAT algorithms and techniques.

This comparison was performed using the JQUEST SAT solver on instances
selected from several classes of instances (see Table 1)3. In all cases, the problem
instances chosen can be solved with several thousands of decisions by the most
effective solvers, usually taking a few tens of seconds, thus being significantly
hard. For this reason, different algorithms can result in significant variations
on the time required for solving a given instance. In addition, we should also
observe that the problem instances selected are intended to be representative,
since each resembles, in terms of hardness for SAT solvers, the typical instance
in each class of problem instances.

For the results shown a P-IV@1.7 GHz Linux machine with 1 GByte of
physical memory was used. The Java Virtual Machine used was SUN’s HotSpot
JVM for JDK1.4. The CPU time was limited to 1500 seconds.

3 All the instances are available from http://www.lri.fr/∼simon/satex/satex.php3
(Sat-Ex web site), with the exception of the superscalar processor verification in-
stances.
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Table 1. Example Instances

Application Domain Selected Instance # Variables #Clauses Satisfiable?
Circuit Testing
(Dimacs)

bf0432-079 1044 3685 N
ssa2670-141 4843 2315 N

Inductive
Inference(Dimacs)

ii16b2 1076 16121 Y
ii16e1 1245 14766 Y

Parity
Learning(Dimacs)

par16-1-c 317 1264 Y
par16-4 1015 3324 Y

Graph Colouring
flat200-39 600 2237 Y
sw100-49 500 3100 Y

Quasigroup
qg3-08 512 10469 Y
qg5-09 729 28540 N

Blocks World
2bitadd 12 708 1702 Y
4blocksb 410 24758 Y

Planning-Sat
logistics.a 828 6718 Y
bw large.c 3016 50457 Y

Planning-Unsat
logistics.c 1027 9507 N
bw large.b 920 11491 N

Bounded Model
Checking

barrel5 1407 5383 N
queueinvar16 1168 6496 N
longmult6 2848 8853 N

Superscalar
Processor
Verification

dlx2 aa 490 2804 N
dlx2 cc a bug17 4847 39184 Y
2dlx cc mc ex bp f2 bug006 4824 48215 Y
2dlx cc mc ex bp f2 bug010 5754 60689 Y

Data Encryption
Standard

cnf-r3-b2-k1.1 5679 17857 Y
cnf-r3-b4-k1.2 2855 35963 Y

5.2 CBJ and Nogood Recording

The first table of results (Table 2) shows the CPU time required to solve each
problem instance4. For the algorithms considered: CB denotes the chronologi-
cal backtracking search SAT algorithm (corresponding to DPLL), CBJ denotes
the DPLL-CBJ SAT algorithm and CBJ+ng denotes the CBJ SAT algorithm
with nogood recording. Moreover, a variety of nogood deletion policies were
considered, depending on the value of k, where k defines the k-bounded learning
procedure used (see Section 4.3). For instance, +ng10 means that recorded no-
goods with size greater than 10 are deleted as soon as they become unresolved
(i.e. not satisfied with more than one unassigned literal), whereas +ngAll means
that all the recorded nogoods are kept.

Table 2 reveals interesting trends, and several conclusions can be drawn:

– Clearly, CB and CBJ have in general similar behavior (except for bf0432-079
and data encryption standard instances, that only CBJ is able to solve).

4 Instances that were not solved in the allowed CPU time are marked with —–.
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Table 2. CPU Time (in seconds)

Instance
CB CBJ

CBJ+ng
+ng0 +ng5 +ng10 +ng20 +ng50 +ng100 +ngAll

bf0432-079 —– 41.74 5.18 2.78 2.97 2.70 1.53 1.44 1.45
ssa2670-141 —– —– 1.21 0.87 0.81 0.52 0.55 0.54 0.56
ii16b2 —– —– —– —– 857.61 302.63 158.63 141.41 141.05
ii16e1 —– —– 20.58 26.75 20.40 12.65 12.89 15.96 11.86
par16-1-c 65.92 77.06 19.91 14.75 16.07 16.78 18.19 18.08 18.13
par16-4 14.88 20.59 11.51 8.49 8.77 9.34 7.16 7.20 7.14
flat200-39 8.44 8.75 97.35 255.04 85.19 114.05 67.55 67.00 67.19
sw100-49 —– —– 1.94 13.48 1.26 2.18 0.73 0.74 0.71
qg3-08 2.29 2.65 0.86 0.88 0.91 1.00 1.07 1.30 1.32
qg5-09 13.28 8.61 1.35 1.29 1.06 1.17 1.16 1.21 1.15
2bitadd 12 —– —– —– —– —– —– 87.68 50.74 50.93
4blocksb —– —– 31.23 30.25 39.62 29.66 16.34 20.33 31.75
logistics.a —– —– 2.98 1.87 1.62 1.65 1.61 1.63 1.68
bw large.c —– —– 76.03 55.13 36.41 38.37 43.71 38.03 38.06
logistics.c —– —– 26.88 7.24 4.60 15.40 10.22 10.23 10.25
bw large.b 8.27 4.78 1.60 0.59 0.61 0.64 0.61 0.62 0.62
barrel5 99.49 132.37 171.94 279.31 36.35 19.80 23.43 24.00 21.99
queueinvar16 —– —– 23.36 21.39 15.74 15.48 8.05 8.08 8.12
longmult6 —– —– 27.66 23.63 26.20 29.16 32.32 31.74 32.02
dlx2 aa —– —– 54.74 36.21 37.96 9.80 6.43 6.62 6.60
dlx2 cc a bug17 —– —– 430.31 —– —– 500.25 220.06 6.48 6.54
2dlx ... bug006 —– —– 17.29 14.32 3.87 2.27 2.27 2.23 2.22
2dlx ... bug010 —– —– 3.32 4.13 3.83 5.31 4.55 2.03 1.93
cnf-r3-b2-k1.1 802.90 19.37 3.05 3.13 2.39 2.58 2.40 2.16 3.90
cnf-r3-b4-k1.2 405.98 12.62 5.42 5.39 5.48 5.12 4.89 4.45 3.91

– The CBJ+ng algorithms are in general clearly more efficient than the other
algorithms. Indeed, for almost all the instances CBJ+ng achieves remarkable
improvements, when compared with CB or with CBJ. Instances flat200-39
and barrel5 are the only exceptions. (For instance barrel5, this is only true
for CBJ+ng with small values of k.)

– Some of the instances that are not solved by CBJ in the allowed CPU time
(e.g ii16b2 and dlx2 cc a bug17), also need a significant amount of time to
be solved by k-bounded learning with a small value of k.

– For instance flat200-39, recorded nogoods result in an additional search effort
to find a solution.

– From a practical perspective, unrestricted nogood recording is not necessarily
a bad approach.
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Table 3. Searched nodes

Instance
CB CBJ

CBJ+ng
+ng0 +ng5 +ng10 +ng20 +ng50 +ng100 +ngAll

bf0432-079 —– 98824 3939 1950 2010 1600 1168 1188 1188
ssa2670-141 —– —– 2882 1988 1480 806 736 698 698
ii16b2 —– —– —– —– 101451 32923 12188 10573 10573
ii16e1 —– —– 20872 24714 17271 13869 8117 8442 7869
par16-1-c 52800 52800 11307 7249 7524 5255 5364 5364 5364
par16-4 10673 10246 4157 2676 2745 2467 1919 1919 1919
flat200-39 6286 5427 139264 287983 51308 40888 26428 25738 25738
sw100-49 —– —– 4596 44247 2370 3748 1450 1450 1450
qg3-08 703 703 220 220 242 214 222 282 282
qg5-09 1578 1547 373 329 318 337 337 337 337
2bitadd 12 —– —– —– —– —– —– 21244 11238 11238
4blocksb —– —– 5559 5007 6205 5009 2618 2491 3363
logistics.a —– —– 32872 16999 14899 15185 15185 15185 15185
bw large.c —– —– 6137 5132 2763 2878 3000 2783 2783
logistics.c —– —– 55721 18839 14520 16444 15441 15441 15441
bw large.b 1431 1112 293 128 195 195 195 195 195
barrel5 24727 24664 90115 141953 14684 8731 10396 12315 5985
queueinvar16 —– —– 45053 41510 24842 19557 8460 8506 8083
longmult6 —– —– 7407 5482 5666 5507 5019 4729 4725
dlx2 aa —– —– 319120 204995 208725 21036 10062 10035 10035
dlx2 cc a bug17 —– —– 446626 —– —– 212816 85713 3383 3383
2dlx ... bug006 —– —– 32297 25259 7775 3288 3227 3123 3123
2dlx ... bug010 —– —– 10086 19002 14358 13229 8533 3547 3522
cnf-r3-b2-k1.1 219037 6273 1168 1138 872 942 825 667 1221
cnf-r3-b4-k1.2 57843 2216 1011 1012 1010 943 910 776 729

It is interesting to observe that the uselessness of CBJ-related algorithms
w.r.t. CB-related algorithms has been experienced in the past [4,18]. CBJ, when
applied jointly with a domain filtering procedure (e.g. AC) and an accurate vari-
able ordering heuristic, has been considered an expensive approach that almost
always slows down the search, even when it saves a few constraint checks5.

Table 3 gives the results for the number of searched nodes, for each instance
and for the different configurations. It is plain from the results that CB and
CBJ in general need to search more nodes to find a solution than the other
algorithms. This can be explained by the effect of the recorded nogoods. Besides
explaining an identified conflict, nogoods are often re-used, either for yielding
conflicts or for implying variable assignments, introducing significant pruning in

5 However, different conclusions have been obtained for specific classes of instances [5].
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the search tree. Moreover, other conclusions can be established from the results
on the searched nodes:

– For the par instances, CB and CBJ have the same or an approximate number
of search nodes for these instances. This is explained by the fact that there
are none or just a few backjumps during the search.

– For instances logistics.a, bw large.b and qg5-09 the search needs the same
number of nodes for increasing values of k, since only small-size nogoods are
recorded.

– Usually more recorded nogoods imply less searched nodes and less time
needed to find a solution. (Even though the reduction in the number of
nodes is more significant than the reduction in the amount of time, due to
the overhead introduced by the management of nogoods.)

Overall, the effect of nogood recording is clear, and in general dramatic.
The results clearly indicate that nogood recording is an essential component of
current state-of-the-art SAT solvers. Nevertheless, the actual role played by the
value of k is not clear, and subject of additional research.

As a final remark, we evaluated whether a different variable ordering heuristic
could have affected the results6. The intuition was that a more elaborate heuris-
tic could have improved the results obtained for CB and CBJ. Nevertheless, the
experimental results presented in [13] for CB and CBJ, that include a more so-
phisticated heuristic, are still far from being competitive with non-chronological
backtracking with nogood recording.

6 Conclusions and Future Directions

In this paper we address the use of DPLL-CBJ in SAT algorithms. In addition,
we evaluate the effect of nogood recording in DPLL-CBJ SAT algorithms, and
further analyze the effect of different nogood deletion policies. Given the ex-
perimental results, obtained for representative instances from several classes of
problem instances, we conclude that nogood recording is crucial for competi-
tive SAT algorithms. In addition, the results strongly suggest that backjumping
techniques are not enough per se for state-of-the-art SAT solvers.

Moreover, we believe that CSP algorithms may also improve their perfor-
mance by applying both jumping and learning. Interestingly, backjumping tech-
niques and learning have their roots in Truth Maintenance Systems [23] but have
been extensively studied in CSP [8,9,19]; nevertheless, constraint programming
technology appears not to exploit it.

Future research work will extend the results of this paper by considering alter-
native approaches with the goal of optimizing SAT solvers. It is well-known that
6 For the above results, we have applied the variable selection heuristic VSIDS (Vari-

able State Independent Decaying Sum) [17]. It selects the literal that appears most
frequently over all clauses, which means that the metrics only have to be updated
when a new recorded clause is created.
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state-of-the-art SAT solvers use nogood recording. On the other hand, DPLL-
CBJ does not incorporate learning, but does consider conflict sets. Hence, we can
envision an algorithm that explores the advantages of CBJ to compensate the
disadvantages of nogood recording. This algorithm can apply nogood recording,
but use conflict sets to avoid recording large nogoods that must be eventually
deleted.
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Abstract. In this paper, we describe an implementation-independent
object-oriented interface for commercial and academic Constraint
Solvers. This serves as a basis for evaluating different Constraint Solvers
and for developing solver-independent applications. We show, how appli-
cations can use the interface, which solvers are already integrated into
the framework and how additional solvers can be added. Furtermore, we
provide to the community the described system as real Java packages via
Internet, that even includes a basic but powerful Constraint Solver.

1 Motivation

Constraint Programming (CP, [9,8,5]) has emerged an adequate means to im-
plement and solve many problems known from Artificial Intelligence. Constraint
Satisfaction Problems (CSP) can be solved by stating the problem itself in-
stead of defining an algorithm to find a solution. The constraints are posted in
a domain-specific solver that infers a solution of the CSP from the constraints
and the possible values of constraint variables. Thanks to this declarativity,
constraint-based methods are used in many academic applications and in some
commercial software systems. Another reason for the success of CP is its effi-
ciency. Many combinatorial NP-hard problems can be solved with constraint-
based methods.

From the application point of view, CP always needs a Constraint Solver.
Thus, one is usually faced with the problem to find the solver that best fits
some specific needs. In a recent project for example, we compared the avail-
able solvers wrt. performance and functional capabilities. We also wanted to
be somehow independent from a particular implementation or product while
making these first steps. This could allow us to develop a system, using some
constraint solver, while being able to exchange the solver by another one in case
we need new features or the former product becomes unavailable for some rea-
son. This was our motivation to create POOC: a Platform for Object-Oriented
Constraint Programming. This new library can be used for the implementation
of constraint-based software and allows:

– runtime comparison of existing solvers,
– to keep benchmark programs and maybe even applications solver-

independent
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POOC is an Application Programming Interface consisting of Java classes
that define a finite domain constraint programming syntax and import seman-
tics from solvers that are plugged in during runtime. We think, that Java pro-
grammers with some basic knowledge on constraint programming will be able to
use the package after looking at its standardized documentation. We intended
to make constraint-based methods available in Java programs in the established
manner, i.e. by importing a library. But please note, that POOC itself does not
provide any functionality or semantics, it only defines a syntax that can be
considered an extension to the Java programming langage for constraint-based
modelling and constraint satisfaction. Finite domain constraint solvers (and thus
semantics) are plugged into the POOC-based applications via their implemen-
tation of the POOC interface. This allows the development of constraint-based
programs without choosing any particular solver in advance.

2 Approach

Our approach is to create a solver-independent object-oriented platform for finite
domain constraint programming. This platform is designed to be a wrapper
around existing constraint solvers. We use Java as implementation language:
POOC is a Java package that provides wrappers, it is not a solver by itself. In
Figure 1 we show the different layers and interfaces that are used in a POOC-
based Java program and how the evaluation of the method-calls is delegated to
the constraint engines.

POOC firstcs interface
package de.fhg.first.fd.firstcs

implements

POOC sicstus interface
package de.fhg.first.fd.sicstus

import

SICStus Java interface
package se.sics.jasper

SICStus Prolog

uses somehow

GNUProlog C interface

uses somehow

GNUProlog

implements

import

import

Application (Java program)

implements

POOC GNUProlog interface
package de.fhg.first.fd.gnupl

delegating via
Java Native Interface

package de.fhg.first.cs
firstcs constraint solver

POOC abstract classes (Java Interfaces)  in package de.fhg.first.fd

Fig. 1. The layers of a POOC-based Java application program with different constraint
solvers. The interface to GNUProlog is not implemented yet.
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The wrapper abstracts from implementation details: similar constraints in
different solvers (like the disjoint constraint in SICStus Prolog [10] and diffn
in CHIP [2]) are called through one interface and similar structures are mapped
into one class hierarchy. For example, arithmetic expressions are built recursively
from arithmetic operations, variables and constants. The wrapper is designed
as Object Factory1: new objects like variables or expressions are created by
the solver at runtime, instead of explicitely being linked against some solver at
compile time. We achieved this by defining Interfaces that every concrete solver
(or its wrapper, resp.) must implement. In Java, an Interface is a special kind of
an abstract class and therefore especially well suited for defining abstract (here:
implementation-independent) entities. In Figure 2 we show the inheritance graph
of the classes of the POOC Interface package de.fhg.first.fd that defines all
method names and the packages that implement these methods by delegating
them to real solvers. We use the popular UML [1] notation of a class diagram,
where a class is described by a rectangle with a middle line and a package is
represented by a tagged rectangle. The classes are connected with up-arrows
according to their inheritance relation. A rhombic arrow represents an object
aggregation in UML.

Solver Labeling Domain

de.fhg.first.fd.sicstus

Solver Labeling Domain

de.fhg.first.fd.firstcs

etc.

de.fhg.first.fd

Solver Labeling Domain

etc.

etc.

{abstract} {abstract} {abstract}

Fig. 2. Inheritance of POOC syntax to the interface implemntations of the used solvers.

Figure 3 shows the POOC-interfaces, their methods and how the interfaces
are related to each other.

Each Solver provides methods for the creation of concrete variables, do-
mains, expressions (represented by the interface X) and labelings. This allows an
application to be compiled independently from the concrete solver which is linked
at runtime. Additionally, each Solver implements the basic FD constraints, like
alldifferent [11] and arithmetic in-/equalities, and modification of a variable’s

1 A Factory Method is a design pattern that is often used in Object-Oriented Soft-
ware Development, defined in [6]. The canonical application case is intended to be:
“Define an interface for creating an object, but let subclasses decide which class to
instantiate.”
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 X divby(X x)
 X minus(X x)
 X plus(X x)
 X times(X x)

X

Var

 Domain getDomain()
 int getVal()

 void commit()
 boolean nextSolution()
 void undo()

Labeling

 Rect newRect(Var x, Var y, Var w, Var h)
 boolean disjoint(Rect[] rectangles)

ScheduleSolver

 boolean cumulative(Var[] starts, Var[] durations, Var[] consumption, Var limit)

 static int INFIMUM
 static int SUPREMUM
 int getMin()
 int getMax()

Domain
 Labeling newLabeling(Var[] vars)
 Domain newDomain(int lwb, int upb)
 boolean neq(X e1, X e2)
 boolean lt(X e1, X e2)
 boolean leq(X e1, X e2)
 boolean in(Var v, Domain d)
 boolean gt(X e1, X e2)
 boolean geq(X e1, X e2)
 boolean eq(X e1, X e2)
 boolean alldifferent(Var[] vars)

Solver

 Var newVar(Domain d)
 Var newVar()
 Labeling newLabeling(Var v, int i)

 X newX(int i)
 Var newVar(int lwb, int upb)

Fig. 3. POOC’s main classes

domain (method in). A Domain object describes such a domain which is given at
least by its minimum and maximum. If a Domain is defined without specifying
min and max, the values INFIMUM and SUPREMUM, which are provided by POOC
are used instead. Of course, in an application that uses any particular solver, also
the respective values for min and max of this solver can be used. A Var wraps a
constraint variable whose current domain and, in case it is instantiated, its value
can be queried. Each X stands for an arithmetic expression. Expressions can be
recursively built by variables and constants and expressions joined by operators.
A Labeling object is used for assigning values to the allocated variables: new
solutions can be generated, an actual assignment can be commited (accepted)
or undone. We use a labeling object and not — what seems more intuitive — a
method since we need references to existing labelings to generate successive solu-
tions. Each labeling, domain, expression, and variable is related to some Solver.
This means, it contains a reference to its solver, which is depicted by the rhombic
arrow in the class diagram in Figure 3. Each variable is related to its domain.
The interface Var is a specialization (depicted by the up-arrow) of the interface X.
This means that every variable is an expression. A ScheduleSolver is a Solver
that implements additional combinatorial constraints: cumulative (e.g. [4]) and
disjoint (e.g. [10]). We will discuss such object-oriented specializations of the
common Solver interface, that are to specify certain requirements to be met
by the used solver in Section 4. A ScheduleSolver serves also as a factory for
rectangles.
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This design has the following properties:

– It keeps the application program independent from a concrete solver (since
the application can use abstract interfaces and object factories instead of
concrete classes).

– It allows for the integration of additional constraint solvers (since it is rather
abstract and hides implementation details like representation of domains or
rectangles).

– It allows the use of more than one solver in one program (since each entity
is related to its own solver).

The last property eases runtime comparison of constraint solvers.

3 Application

A typical Constraint Program consists of three major parts: definition of decision
variables, statement of constraints, and search for a solution. Using POOC, all
three parts are rather easy to implement. Figure 4 shows an implementation of
the famous Send-More-Money puzzle.

The first step is to load a Constraint Solver. In Java, this can be done dy-
namically, i.e. the runtime implementation of the solver to be used can be given
at runtime (here by passing the name of an existing class to the main program).
The only requirement is, that the loaded solver implements a given interface:
the Solver. This solver is a factory that serves for creating new variables, etc.

Therefore, new decision variables are created by calling the solver’s factory-
methods newVar(). The application can provide an initial domain (using
newVar(Domain d)) or lower and upper bounds directly (using newVar(int
lwb, int upb)).

Constraints are then stated using the solver’s methods. Since in our ex-
ample, all decision variables have to be assigned different values, we use the
alldifferent constraint. To express the requirement that send + more =
money, we have to build some arithmetic expressions: all decision variables will
get a one-digit number, the puzzle’s requirement can thus be stated as follows:
1000*s + 100*e + 10*n + d + 1000*m + 100*o + 10*r + e = 10000*m +
+ 1000*o + 100*n + 10*e + y. The according expressions are built recursively
using the variables, new number-expressions, and the given arithmetic operators.
Since Java does — in contrast to C++ or Prolog — not allow to overload sym-
bolic operators, we have to use real method-names. This makes our arithmetic
expressions a bit clumsy, unfortunately.

Basic labeling (search for an appropriate variable assignment, i.e. solution)
is simple: each solver provides an according method newLabeling(Var[]). The
returned reference to a Labeling object serves as a handle for the generation of
new solutions and commitment or disposal of old ones. The use is rather straight
forward: nextSolution() generates a new variable assignment and returns true
in case there is one and false if not. The basic labeling procedure that each
solver has to provide, usually comes from a native implementation and sometimes
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public class Send {
public static void main(String[] args) throws Exception {

// Create solver from class name given as first program argument.
Solver solver = (Solver) Class.forName(args[0]).newInstance();
// Create variables with initial domains.
Var s = solver.newVar(1,9); Var m = solver.newVar(1,9);
Var e = solver.newVar(0,9); Var o = solver.newVar(0,9);
Var n = solver.newVar(0,9); Var r = solver.newVar(0,9);
Var d = solver.newVar(0,9); Var y = solver.newVar(0,9);
// State constraints.
solver.alldifferent(new Var[]{s,e,n,d,m,o,r,y});
solver.eq( s.times(solver.newX(1000))

.plus(e.times(solver.newX(100)))

.plus(n.times(solver.newX(10)))

.plus(d)

.plus(m.times(solver.newX(1000)))

.plus(o.times(solver.newX(100)))

.plus(r.times(solver.newX(10)))

.plus(e) ,
m.times(solver.newX(10000))

.plus(o.times(solver.newX(1000)))

.plus(n.times(solver.newX(100)))

.plus(e.times(solver.newX(10)))

.plus(y)
);

// Create labeling (reference). No solution is computed here.
Labeling l = solver.newLabeling(new Var[]{s,e,n,d,m,o,r,y});
// Generate successive solutions and write them to stdout.
while (l.nextSolution()) {

System.out.println(" "+s+e+n+d);
System.out.println("+ "+m+o+r+e);
System.out.println("=======");
System.out.println("= "+m+o+n+e+y+"\n");

}
}

}

Fig. 4. Java+POOC implementation of the Send-More-Money puzzle.

allows the specification of options. These options are implementation-specific
and therefore not directly reflected by the interface. It does, however, provide
technical support for passing optional parameters from external resources.

Labelings can also be implemented directly in Java: using newLabeling(
Variable v,int i), a single decision variable can be assigned a concrete value,
which can be taken back using undo(). As an example, Figure 5 shows an im-
plementation of a simple depth first search: first variable first, lowest value first.
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static void label(Solver solver, Var[] vars) {
label(solver,vars,0);

}
static void label(Solver solver, Var[] vars, int index) {

if (index >= vars.length) { // solution complete
for (int i=0; i<vars.length; i++) // print result

System.out.print(vars[i]+" ");
System.out.println();
return;

}
Var v = vars[index]; // instantiate v
for (int i=v.getMin(); i<=v.getMax(); i++) {

Labeling l = solver.newLabeling(v,i);
if (l.nextSolution())

label(solver,vars,i+1); // instantiate next var
l.undo();

}
}

Fig. 5. User defined labeling procedure.

Found solutions can then be processed by the application: the variable’s
values can directly be queried using getVal() which throws an exception, if
the variable is not yet instantiated. The standard method Var.toString() is
overloaded such that variable’s values can directly be printed.

As a final example, see Figure 6, an implementation of the Golomb Ruler
problem2. Our implementation is inspired by Joachim Schimpf’s Eclipse [15]
implementation, presented in [7]. To compare e.g. the expressiveness of our ap-
proach to ILOG [12], one may want to see the ILOG Solver implementation, also
given there.

You can see that also this problem is very easy to implement. We even realized
a simple Branch-and-Bound method here, which effectively consists of 6 lines of
Java code! We used this program to evaluate the runtime overhead produced
by POOC and to compare our solver firstcs with the SICStus implementation
(Figure 7).

To evaluate the POOC runtime overhead, we had to write different versions of
one program: for SICStus Prolog (in Prolog), for SICStus Prolog plus Jasper3 (in
Java), the POOC one for both SICStus and firstcs, and a version using firstcs di-
2 [7]:These problems are said to have many practical applications including sensor

placements for x-ray crystallography and radio astronomy. A Golomb ruler may be
defined as a set of m integers 0 = a1 < a2 < ... < am such that the m(m − 1)/2
differences aj − ai, 1 <= i < j <= m are distinct. Such a ruler is said to contain
m marks and is of length am. The objective is to find optimal (minimum length) or
near optimal rulers.

3 SICStus (at least the new versions) actually provides already a Java interface: Jasper.
This one is a rather low-level interface with which one can stick together Prolog
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public class Golomb {
public static void main(String[] args) throws Exception {

// Create solver from class name given as first program argument.
Solver solver = (Solver) Class.forName(args[0]).newInstance();
// Get problem size n from second program argument.
int n = Integer.parseInt(args[1]);
Var[] marks = new Var[n];
Var[] diffs = new Var[(n*(n-1))/2];
int idiff = 0;
// Create variables and state constraints.
marks[0] = solver.newVar(0,0);
for (int i=1; i<n; i++) {

marks[i] = solver.newVar(0,Domain.SUPREMUM);
// marks[i-1] #< marks[i]
solver.lt(marks[i-1],marks[i]);
for (int j=0; j<i; j++) {

diffs[idiff] = solver.newVar(0,Domain.SUPREMUM);
// marks[i] #= marks[j] + diffs[idiff]
solver.eq(marks[i],marks[j].plus(diffs[idiff]));
idiff++;

}
}
solver.lt(diffs[0],diffs[diffs.length-1]); // removes symmetry
solver.alldifferent(diffs);
// Generate solutions.
Labeling l = solver.newLabeling(marks);
while (l.nextSolution()) {

// Write solution to stdout.
for (int i=0; i<n; i++) System.out.print(marks[i]+" ");
System.out.println();
// Branch-and-Bound: Remember greatest value ...
int limit = marks[n-1].getVal();
l.undo();
// ... and restrict rightmost mark to be lower than that.
solver.lt(marks[n-1],solver.newX(limit));
// New labeling *after* statement of upper bound constraint.
l = solver.newLabeling(marks);

}
}

}

Fig. 6. Golomb Ruler implementation.

rectly. The comparison was made on a PentiumIII-800 PC running Linux 2.2.16.
We used SICStus 3.9.1 and Java 1.3.1. Figure 7 shows the runtimes for the 8,

terms, call them, and read resulting variable bindings. POOC is more abstract from
Prolog and more concrete towards Constraint Programming.
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9, 10 and 11-mark Golomb-Ruler problems and for all mentioned systems. We
searched for and proofed the optimal solution. The times are given in millisec-
onds. The bracketed values give the difference between the consecutive lines in
percent. The first firstcs test, called “java -server”, was made calling java with
the -server option. This is for computational very intensive programs and does
better compilation. We only used it here, since for most of the other cases, this
option is bad (see also Figure 8).

Number of marks 8 9 10 11
SICStus Prolog 700 6880 64290 1292860

(+47.29%) (+48.92%) (+52.76%) (+50.22%)
SICStus Prolog + Jasper 1031 10246 98207 1942172

(+7.95%) (+5.95%) (+5.09%) (+4.61%)
SICStus Prolog + Jasper + POOC 1113 10856 103205 2031647
firstcs, java -server 1848 13148 141422 3116121

(-4.71%) (+40.77%) (+49.03%) (+50.67%)
firstcs 1761 18509 210759 4695173

(+4.60%) (+9.43%) (+1.18%) (+2.01%)
firstcs + POOC 1842 20255 213255 4789752

Fig. 7. Runtimes [msec] for the Golomb Ruler benchmark.

The presented usage and examples show some of the advantages, our object-
oriented design has:

– Rather abstract entities represent expressions, variables and more complex
structures like rectangles for example.

– These entities can be related to each other using high-level constraints such
as alldifferent, arithmetic constraints or rectangle-disjointness.

– The given classes can be aggregated to even more complex entities such as
Tasks, Routes etc., or constraints like Multi-Resource or Round-Trip for the
Traveling Salesman Problem.

– Even some complex search algorithms like Branch-and-Bound can be defined
easily.

– The runtime overhead is very low.

The current implementation of POOC includes an implementation for SIC-
Stus Prolog. In addition to the SICStus Prolog interface, POOC provides an
interface to our own constraint solver firstcs.

3.1 firstcs

firstcs4 is our new plain-Java constraint solver. It is designed as a light-weight
special purpose solver. We intend to use it as a basis for new propagation algo-
rithms and for application development. The philosophy behind it is right-sizing,
4 This acronym is derived from its package name de.fhg.first.cs.
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i.e. building the perfect solver for our problems, while eventually losing gener-
ality. Currently, basic and some higher-level FD-constraints are implemented,
using state-of-the-art propagation techniques.

For a first impression on how it performs (or can perform, if you want):
Figure 8 shows runtimes for the All-Interval Series problem5 for different prob-
lem sizes. In each test, we searched for all solutions to the given problem. The
running times are given in milliseconds. We compared the following systems:
CHIP (5.4), using a Prolog program, SICStus and firstcs, using POOC (as spec-
ified above). The benchmark programs are not given here, but contained in the
downloadable package, see below.

When running the benchmarks in Figure 8, we made use of POOC’s feature
to link solvers against the application during runtime. We could run 75% of the
benchmarks with one Java program.

Problem size 6 8 10 12 14
CHIP Prolog 10 280 6910 225870 8868160
SICStus Prolog + Jasper + POOC 51 321 6564 189258 6908643
firstcs + POOC 154 461 8373 265773 11107569
firstcs + POOC, java -server 210 2145 9627 205524 8415093

Fig. 8. Runtimes [msec] for the All-Interval Series benchmark.

4 Extension

POOC’s design allows the integration of an arbitrary number of finite domain
constraint solver implementations. The effort of adding a new one depends on
whether a Java-interface already exists and on the solver’s execution model.
First steps have been made plugging-in ILOG [12] and GNU Prolog [3]. Since
it is a CLP-solver similar to the already plugged-in SICStus, the integration of
the latter turns out to be not very problematic. We use Java’s native interface
JNI [14] to invoke GNU Prolog predicates via its C-interface. The integration of
ILOG Solver v5.0, however, is very different in many respects. POOC generaly
allows for applications mixing the statement of constraints and the search for
a solution. ILOG needs these things be seperated, i.e. first the model being
5 [7]: [...] The problem of finding such a series can be easily formulated as an instance

of a more general arithmetic problem on Zn, the set of integer residues modulo
n. Given n ∈ N, find a vector s = (s1, ..., sn), such that (i) s is a permutation of
Zn = {0, 1, ..., n−1} and (ii) the interval vector v = (|s2 −s1|, |s3 −s2|, ...|sn −sn−1|)
is a permutation of Zn −{0} = {1, 2, ..., n−1}. A vector v satisfying these conditions
is called an all-interval series of size n; the problem of finding such a series is the
all-interval series problem of size n. We may also be interested in finding all possible
series of a given size.
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built and finally the solution being searched. Additionally, the definition of a
Labeling is very special in ILOG. This is a bit a challenge for its integration into
our framework, though not being impossible.

Solvers that provide special functionality to be used in POOC applications can
be integrated with extensions of the Solver-interface. For example solvers that
provide the disjoint resp. diffn constraint are subsumed in the Scheduling-
Solver interface as shown in Figure 3. Very specific features (i.e. related to
some particular solver) can be integrated by providing a Solver class, that
implements at least the necessary methods, and additionally specific ones. So, a
new oz.Solver[13] would have to implement the necessary methods newVar(),
eq(), newLabel(), and so forth. Additionally it could provide a search method
like oz.Solver.newBestFirstLabeling().

Everybody is invited to use the interface for her own solver. As we stated
above, we propose POOC as a general syntax for formulating CSPs and writing
problem solvers in the Java programming language. The integration is easy! And
with integrating your solver into POOC, you have all above mentioned CSPlib
benchmarks available immediately!

5 Download!

We realized the described interface as a Java package: POOC, which we are able
to make open to the public! Please visit the dedicated web page at
http://www.first.fhg.de/pooc .

The package offered there for free download contains the POOC interface def-
initions, documentation, application examples, and implementations for SICStus
Prolog and our solver firstcs. The latter solver is even contained in the package as
well! Therefore you can get there a complete easy-to-use Java-Constraint-Solver.
You can evaluate the performance of this solver with the multiple benchmark
programs from CSPlib [7]. If you have SICStus Prolog with Jasper installed on
your computer you can also run the benchmark programs with SICStus and
compare the performance.

6 Conclusion

POOC gives a nice framework for the development of object-oriented Java-based
constraint programs in the finite domain system and the evaluation of existing
Constraint-Solver-implementations. It

– is easy to use.
– allows for specifying underlying solvers at runtime.
– allows for multiple solvers even from different vendors within one program.
– is extensible with new solvers and interfaces.

The system is realized and provided to the public community. Please visit
http://www.first.fhg.de/pooc .
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Abstract. This paper gives an overview of DICE (DIstributed Con-
straint Environment), a framework for the construction of distributed
constraint solvers from software components in four categories: (1) vari-
able domain types, (2) (incomplete) solvers, (3) splitting strategies, to
build search trees, and (4) search strategies, to traverse these search
trees. DICE is implemented using the Manifold coordination language,
and coordinates the components of a distributed solver. In addition to
the coordination protocols and the algorithms that they implement, the
paper describes the construction of solvers both from a constraint pro-
gramming and a software engineering point of view.

1 Introduction

The applicability of the Idealized Worker Idealized Manager (IWIM) coordina-
tion model in the area of distributed constraint solving has been studied in [3,
10]. This work has materialized in DICE (DIstributed Constraint Environment),
a software framework, implemented using the Manifold coordination language,
where distributed constraint solvers are constructed from solver components in
four categories:

1. domain types for the variables of a constraint satisfaction problem (CSP),
2. constraint solvers that can act as a domain reduction operator inside a con-

straint propagation algorithm,
3. strategies to split the domains of variables in order to build a search tree,

and
4. search strategies, which determine how to explore this search tree.

Each component instance can run in a separate process, and the framework
coordinates the activities of the components by means of coordination protocols
that implement

– a distributed constraint propagation algorithm,
– a distributed termination detection algorithm, and
– facilities that allow a splitting strategy component and a search strategy

component to coordinate the network of processes to perform search.

B. O’Sullivan (Ed.): Constraint Solving and CLP, LNAI 2627, pp. 171–184, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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The constraint propagation algorithm applies (incomplete) solvers until none
of these can reduce the problem any further. In general, this will not lead to
a solution to the CSP, and propagation must be interleaved with splitting the
domain of a variable in order to systematically search for solutions. Termination
detection is needed because usually, we don’t want to split the domain of a
variable until constraint propagation has finished.

The aim of this paper is to give an overview of DICE. In Sect. 2 we describe
the model of constraint solving that it is based on, and provide pointers to more
information about coordination programming, the IWIM model, and Manifold.
Also here we recall the algorithms and facilities implemented by the coordina-
tion protocols. In Sect. 3 and 4 we describe solver configuration from constraint
programming and software engineering perspectives, respectively, and Sect. 5
is an overview of a set of components that is available for the construction of
solvers. In Sect. 6 we discuss our plans for future work on DICE.

2 Preliminaries

2.1 Model of Constraint Solving

A CSP consists of a set of variables and their associated domains (sets of possible
values), and a set of constraints. A constraint is defined on a subset of the vari-
ables, and restricts the combinations of values that these variables may assume.
The model of constraint solving supported by DICE is further characterized by:

– branch-and-prune tree search,
– branching by splitting variable domains, pruning by constraint propagation,
– constraint propagation by application of domain reduction functions (DRF’s)

in a chaotic iteration algorithm. DRF’s enforce the constraints.

At every node of the search tree, starting with the root node, which corresponds
to the original CSP, constraint propagation is applied before branching. When
propagation finishes in a node of the search tree, one of three situations occurs:
if the domains of all variables have been reduced to singletons, the (leaf) node
represents a solution. If one or more variable domains have become empty, the
node represents a failure. In all other cases, the node is an internal node of the
search tree, and the splitting strategy determines how the search tree is expanded.

Splitting involves selecting a variable, and determining the domains for that
variable in the resulting sub-CSP’s. These two aspects are referred to as variable
selection and value selection, respectively. Example variable selection methods
are to select a variable that has the smallest number of possible assignments (fail-
first), or to select a variable that occurs in the largest number of constraints.
Example value selection methods are enumeration, which creates a subdomain
for every value in the original domain, and bisection, which splits the domain in
two halves.

The collection of rules for selecting the nodes of the search tree where con-
straint propagation and consecutive branching are applied in the course of the
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solving process is referred to as the search strategy. Examples are depth-first
chronological backtracking and limited discrepancy search.

It is important to note that the model of constraint solving supported by
DICE does not involve constraint checking. Violation of a constraint is con-
cluded when the domain reduction functions that enforce the constraint void
the domains of one or more variables.

2.2 Coordination Model and Language

Coordination languages offer language support for composing and controlling
software architectures made of parallel or distributed components [11]. In the
IWIM model of coordination [4], these components are represented by processes.
In addition to processes, the basic concepts of IWIM are ports, channels and
events. A process is a black box that exchanges units of information with the
other processes in its environment through its input ports and output ports,
by means of standard I/O primitives analogous to read and write. The inter-
connections between the ports of processes are made through directed channels.
Independent of channels, there is an event mechanism for information exchange
in IWIM. Events are broadcast by their sources, yielding event occurrences. Pro-
cesses can tune in to specific event sources, and react to event occurrences.

The IWIM view of a software system is a dynamic ensemble of interconnected
processes. A process can be regarded as a worker process or a manager process.
The responsibility of a worker process is to perform a (computational) task.
The responsibility of a manager is to coordinate the communications among a
set of worker processes. For this purpose, manager processes can create worker
processes and make channel connections to their ports. A manager process may
be considered a worker processes by another manager. At the bottom of this
hierarchy there is always a layer of atomic workers.

Manifold [4,5] is a coordination language for writing program modules (co-
ordinator processes) to manage complex, dynamically changing interconnections
among sets of independent, concurrent, cooperating processes that comprise a
single application. The conceptual model behind Manifold is based on IWIM. A
Manifold application consists of a (potentially very large) number of processes
running on a network of heterogeneous hosts, some of which may be parallel
systems. Processes in the same application may be written in different program-
ming languages and some of them may not know anything about Manifold, nor
the fact that they are cooperating with other processes through Manifold in a
concurrent application.

2.3 A Distributed Constraint Propagation Algorithm

The purpose of a constraint propagation algorithm in this context is to apply
atomic reduction steps. For the model of constraint solving supported by DICE,
these atomic reduction steps are domain reduction functions. Many constraint
propagation algorithms maintain a set of atomic reduction steps that still need
to be applied, and keep applying reduction steps until this set becomes empty.
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After each reduction step, the algorithm considers the changes that have been
made, and reduction steps that depend on these changes are added to the set.

In contrast to such inherently sequential algorithms, DICE implements the
coordination-based chaotic iteration algorithm of [10]. In this algorithm, each
CSP variable is represented by a process that maintains the domain of that
variable. Also each domain reduction function is represented by a process that
receives input from the processes corresponding to the CSP variables that the
function applies to. Channel connections are made between the ports of Variable
and DRF processes according to the structure of the CSP. The DRF processes
have a buffer associated with each input port, which stores the variable domain
last seen on that port. These buffers are initialized by having a Variable process
send its domain each time a connection to a DRF process is made.

Figure 1(a) shows an example process network of this algorithm. Variable
processes send reduction requests to DRF processes. Reduction requests contain
the domain of the CSP variable. The DRF process uses this domain to update the
buffer associated with the input port that delivers the reduction request. Then
it applies the domain reduction function to the domains in the buffers1. This
yields new domains for the output variables of the domain reduction function.
These domains are dispatched through the output ports of the DRF process to
the corresponding Variable processes as update commands.

x

y

z

(a) (b)

x<2y

4y=z+5

Search

Split

Fig. 1. (a) An example process network of the distributed constraint propagation al-
gorithm, (b) the propagation engine is coordinated from the outside to perform search

Upon receiving an update command, a Variable process computes the inter-
section of the domain held in the update command and the domain of the CSP
1 Actually, application of the function is postponed until no more reduction requests

are available on the input ports. Such details are omitted from this presentation.
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variable held in its internal store. If this intersection is a proper subset of the
current domain, the store is updated with the intersection, and the new domain
of the CSP variable is dispatched through the output port of the Variable process
as a reduction request. The reduction request is broadcast to all DRF processes
that connect to this output port. If the intersection does not reduce the domain
of the CSP variable, the update command has no effect.

In [10] it is argued that this distributed algorithm implements a restriction of
the Generic Iteration Algorithm for Compound Domains of [1]. This allows us to
benefit from several properties that have been proven for that algorithm. One of
these properties is that the algorithm is guaranteed to terminate if the domains
are finite and the DRF’s are inflationary. The latter is effectively ensured by
having Variable processes compute intersections.

2.4 Termination Detection

Although this is not strictly necessary, usually we do not want to consider ex-
panding the search tree by splitting the domain of a variable before constraint
propagation has finished. Therefore, we need to know when the propagation al-
gorithm terminates. With a sequential algorithm, this is easy: it terminates when
the set of atomic reduction steps that still need to be applied becomes empty.

In the case of the distributed algorithm of the previous section, the conditions
for concluding that constraint propagation has finished are more difficult to
verify. The algorithm terminates when:

1. all Variable and DRF processes are idle, and
2. there are no pending update commands or reduction requests in the channels.

DICE employs the algorithm described in [6] to detect these conditions. For
the purpose of this algorithm, the processes of the constraint propagation algo-
rithm are connected in a ring network. The dashed lines in Fig. 1(a) show the
extra channels for termination detection. All processes maintain a local counter
of the number of update commands and reduction requests in the network. The
ring network is used for circulating a token. This token is forwarded when the
process that holds it becomes idle. When it returns to the process that created
it, the token has accumulated the local counters of all process. Termination can
be concluded only if this sum equals 0. Together with a black/white coloring of
the processes and the token the algorithm ensures correctness in case of asyn-
chronous channels. This corresponds to the Manifold communication model.

2.5 Distributed Splitting

DICE employs a scheme similar to that of [3], where the network of processes
of the constraint propagation algorithm is performing work in several nodes of
the search tree simultaneously. As a result, multiple tokens of the termination
detection algorithm may be circulating on the ring network, one for every in-
stance of the constraint propagation algorithm, and all administration inside the
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Variable and DRF processes for the purpose of the propagation and termination
detection algorithms is per node of the search tree:

Variable:: DRF ::
v : World m→ Domain I : ARRAY [1..n] OF World m→ Domain

color : World m→ {black, white} color : World m→ {black, white}
n msg : World m→ ZZ n msg : World m→ ZZ

where n is the number of input ports of the DRF process, and World is a datatype
whose elements serve as identifiers for nodes of the search tree. Maps v and I
hold the data for the propagation algorithm, and color and n msg represent the
state of the termination detection algorithm.

A partial order is defined on the elements of World , stating that an ancestor
node is compatible to its descendants, and that a descendant is smaller than its
parent. On several occasions, we look for information in the smallest compatible
world of a world w. For example, the update commands of the propagation
algorithm now consist of a world w, and a domain d. If the world w is not yet
known to the Variable process, it intersects d with the domain d′ of the CSP
variable in the smallest compatible world of w. Only if d′ ∩ d ⊂ d′, the element
w → d′ ∩ d is added to the map v of the Variable process.

The facilities offered by this administration per world are used by two new
processes Split and Search, which implement the splitting strategy (involving
variable selection and value selection) and search strategy, respectively. These
processes have connections to all Variable processes (Fig. 1(b)), and coordinate
the network of the propagation algorithm to perform search.

The Split process is triggered when propagation finishes in a certain world,
and may query Variable processes for their domains in that world. On the basis
of this information, the Split process can then decide which variable to split
(if any), and construct a set of new World-Domain pairs for that variable. The
worlds of this set correspond to the sub-CSP’s created by the split.

Upon receiving new worlds and corresponding domains from the Split pro-
cess, a Variable process notifies the Search process. This allows the Search pro-
cess to maintain an administration of worlds where the constraint propagation
algorithm still needs to be applied. The Search process coordinates the activities
of the propagation network through the search tree, by issuing commands that
start propagation in worlds that it knows about. In the current implementa-
tion of DICE, the Search process may consider starting propagation in a new
world on two occasions: when propagation finishes in a certain world, and when
a Variable process notifies that new worlds have become available.

3 Solver Configuration

From a user’s point of view, solvers are configured in a small language. The fol-
lowing example shows a solver configuration for the SEND + MORE = MONEY
puzzle.
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VARIABLE s IS DiscreteDomain "1..9";
VARIABLE e IS DiscreteDomain "0..9";
...
VARIABLE y IS DiscreteDomain "0..9";
DRF IntegerArithmetic "s != e";
DRF IntegerArithmetic "s != n";
...
DRF IntegerArithmetic "r != y";
DRF IntegerArithmetic

" 1000*s + 100*e + 10*n + d "
" + 1000*m + 100*o + 10*r + e "
" = 10000*m + 1000*o + 100*n + 10*e + y ";

This example demonstrates the VARIABLE and DRF statements, used to set up the
process network described in Sect. 2.3. Figure 2 shows the relevant part of the
solver configuration language syntax, where {. . .} should be read as “followed
by zero or more instances of the enclosed.”

〈Solver〉 → 〈Statement〉 {〈Statement〉}

〈Statement〉 → ENUM 〈Identifier〉 {〈IdentifierList〉} ;

→ VARIABLE 〈Identifier〉 IS 〈Identifier〉 〈Specifier〉 ;
→ VARIABLE 〈Identifier〉 IS 〈Identifier〉 ENUM 〈Identifier〉 ;
→ VARIABLE 〈Identifier〉 IS 〈Identifier〉 ENUM 〈Identifier〉 〈Specifier〉 ;
→ DRF 〈Identifier〉 〈Specifier〉 ;
→ WAIT;
→ PRINT 〈Identifier〉 ;
→ SEARCH 〈Identifier〉 〈Specifier〉 〈Identifier〉 〈Specifier〉 ;
→ SOLUTIONS;

〈Specifier〉 → 〈QuotedString〉 {〈QuotedString〉}
→ ENUM 〈QuotedString〉 {〈QuotedString〉}

Fig. 2. Solver configuration language syntax

The functionality of the Variable, DRF, Search and Split processes that con-
stitute a solver is left unspecified to a large extent. Instead, these processes are
placeholders for software components that complement the functionality offered
by the DICE framework. This component-based design is reflected by the con-
figuration language. As an example, consider the statement

VARIABLE s IS DiscreteDomain "1..9";

This creates a new Variable process. The identifier s is stored as a reference to
this process. In the newly created process, a component in the “variable domain
type” category is installed. The second identifier DiscreteDomain designates a
particular component in that category. The specifier "1..9" has no meaning to
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the framework. It is assumed that the component identified by DiscreteDomain
knows how to deal with it.

The DRF statement creates a DRF process and has similar semantics. Al-
though the specifier strings have no meaning, any component in the domain
reduction function category should be able to report the names of the variables
that it applies to, when requested by the framework. The mechanism for this
is described in the next section. This information is used to make the connec-
tions to the Variable processes. Propagation starts as soon as the first domain
reduction function is installed. The WAIT statement activates the termination de-
tection algorithm to postpone execution of the next statement until propagation
has finished. The PRINT statement outputs the contents of a variable.

The first identifier-specifier pair of the SEARCH statement specifies the compo-
nent installed in the Split process. The second pair concerns the Search process.
This statement starts the search for solutions by creating and activating these
processes. The solutions can be retrieved by means of the SOLUTIONS statement.

The ENUM keyword can be used as a statement, to provide symbolic names for
a range of integers starting at 0. The same symbolic name may not be used in
more than one such statement. Also any specifier may be prefixed with ENUM. This
effects a textual replacement of symbolic names by the corresponding integers.
A third use of the ENUM keyword is in a VARIABLE statement. Here it is used
to specify a set of symbolic names that should be used when printing integer
values. In this case, textual replacement of symbolic names in the specifier is
always carried out, and the specifier may be omitted to implicitly specify all
values for which a symbolic name was provided.

4 Component Model

The interface between the DICE framework and the four categories of com-
ponents is defined by four C++ abstract classes. As an example, consider the
abstract class for components in the domain reduction function category:

class DRF_Component
{
public:

static DRF_Component *UnitToDRF_Component( AP_Unit u );
static DRF_Component *DescriptionToDRF_Component(

const char *type, const char *spec);
virtual ˜DRF_Component( );
virtual AP_Unit ToUnit() const =0;
virtual const std::vector<char*> &VariableNames( ) const =0;
virtual int Compute( std::vector<Domain*> &arguments ) const =0;
virtual int Termination( NodeType type,

std::vector<Domain*> &arguments );
};

In order to add a new component in any of the four categories, a subclass of the
corresponding abstract class must be provided. In the case of the DRF_ Component
example, the following provisions need to be made:
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1. Through the ToUnit member function, objects in this class should be able to
wrap themselves in a Manifold unit . By means of their unit representation,
objects are transported through the process network.

2. Two static member functions UnitToDRF_Component and DescriptionTo-
DRF_Component must be modified such that objects of the new class can be
initialized from the unit representation generated by ToUnit, and from a
textual representation, during parsing.

3. The actual functionality of the domain reduction function is embodied in
the member functions Compute and Termination. Compute performs domain
reduction as a part of the constraint propagation algorithm. Termination
is called by the DICE framework upon termination of a single run of the
propagation algorithm. Both member functions expect a vector of variable
domain representations as an argument. The other argument to Termination
indicates a solution, failure, or internal node. Domain is another abstract
class, corresponding to the variable domain type component category.

4. In order for a DRF process to be able to relate the buffers associated
with its input ports to the arguments of its domain reduction function,
DRF_Component::VariableNames should supply a vector of variable names.
The elements of this vector must correspond to the elements of the argument
vector of the Compute and Termination member functions.

Most of this work can be automated. In particular, a utility was written that gen-
erates the code for the Compute member function from rule-based specifications
of operators on small finite domains [2].

Each of the Variable, DRF, Search, and Split processes of a solver executes
a command loop. All coordination protocols are implemented by these processes
exchanging commands. These commands are tuples of the Manifold language.
As an example, consider the reduction request of Sect. 2.3. This command is
implemented by the tuple

<CMD_DRF_REDUCE, w, d >

where w and d are the unit representations of the world of the reduction request,
and the new domain of the CSP variable in that world, respectively. The handler
for CMD_DRF_REDUCE eventually invokes the Compute member function of the
DRF_Component object installed in the receiving process.

5 Solver Building Blocks

In this section we describe a set of components that have been implemented in
DICE to provide basic constraint solving capabilities.

Variable Domain Type

Components IntegerInterval and DiscreteDomain represent integer values
by intervals and arbitrary sets of possible values, respectively. DoubleInterval
provides a representation of real numbers by intervals, of which the bounds are
double-precision floating point numbers.
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Domain Reduction Function

IntegerArithmetic and DoubleArithmetic components provide support for
simple arithmetic on integers and reals. In both cases, the component instances
are initialized from a string, representing a relation between two polynomi-
als. IntegerArithmetic supports linear polynomials only. DoubleArithmetic
is based on the interval arithmetic operators of the JAIL library [7].

IntegerPairs is initialized by two variable names, and a set of integer pairs
that constrains the values that these variables may assume. For example:

ENUM Word5 {LASER,HOSES,SAILS,SHEET,STEER};
VARIABLE position1 IS DiscreteDomain ENUM Word5;
VARIABLE position2 IS DiscreteDomain ENUM Word5;
DRF IntegerPairs ENUM "position1,position2 IN"

"(LASER,SAILS),(LASER,SHEET),(LASER,STEER),"
"(HOSES,SAILS),(HOSES,SHEET),(HOSES,STEER)";

The MultiDRF domain reduction function takes as an argument a sequence
of DRF statements. For example:

DRF MultiDRF
’DRF IntegerArithmetic "q2 != q7";’
’DRF IntegerArithmetic "q2 - q7 != 5";’
’DRF IntegerArithmetic "q2 - q7 != -5";’

;

The purpose of this component is to group several domain reduction functions
into a single process of the distributed solver2. The Compute member function of
a MultiDRF computes a fixpoint of its constituent domain reduction functions,
by repeatedly applying these functions in sequence until a full sequence passes
in which no changes to a variable domain are made.

As an alternative to having special components that implement optimizing
search strategies, such as branch-and-bound, a Minimize component is avail-
able, which can be used to transform any search strategy into an optimization
strategy. Figure 3 illustrates the use of this component. An additional variable is
constrained such that its domain contains the outcome of an objective function.
Minimize::Termination records the smallest value (singleton set) for this vari-
able, encountered for a solution so far. Minimize::Compute enforces a dynamic
constraint, stating that only improvements of this bound will be considered as
new solutions.

Splitting Strategy

Currently, only one splitting strategy implementation exists, which splits a vari-
able domain according to the default splitting strategy for its domain type. For
DiscreteDomain the default is to generate a subdomain of size one for each
element of the original domain. For IntegerInterval and DoubleInterval the
default is bisection. The variable selection method is dynamic fail-first, selecting
a variable with the smallest number of alternatives at each internal node.
2 It is also possible to group several variables into a single process.
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Evaluate objective function
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Fig. 3. The approach to optimization encouraged by DICE

Search Strategy

Three search strategies have been implemented:

1. A search strategy that reconstructs the search tree on the basis of the textual
representation of the worlds that it learns about. When propagation finishes
in an internal node, it waits for new worlds to become available. In a leaf
node, or when new worlds are reported by a variable, the next world is
selected according to a chronological backtracking strategy.

2. A search strategy that puts all new worlds in a queue. When new work is
required by the propagation network, the world at the front of the queue is
selected. This behaves in a breadth-first fashion.

3. A similar strategy, but employing a stack, instead of a queue. This strategy
behaves in a depth-first fashion.

The latter two strategies have a target number of worlds where propagation is
carried out at the same time. They keep injecting work into the network until
this target is met.

Work in Progress

The set of components discussed in this section demonstrates the effectiveness of
DICE on many standard examples. However, much work still needs to be done
before we can claim to have a general-purpose constraint solver. Notably, our
integer arithmetic presently cannot multiply variables, our constraints over the
reals are currently limited to quadratic equations, our default splitting strategy
does not yet properly take into account domain sizes of reals, and it is not yet
possible to relate integer and real variables.

Also, in order that we can use DICE as a platform for experimenting with dif-
ferent search procedures, alternatives must be provided in the splitting strategy
and search strategy component categories:

– chronological, static and dynamic fail-first, and maximum cardinality (most
constrained first) variable selection methods,

– enumeration, bisection and middle-first value selection methods,
– limited discrepancy search.
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Likely, the abstract classes for the component categories will still change. For
example, it seems desirable to make the distinction between variable selection
and value selection in splitting explicit. Also, there are many similarities between
DRF and Split processes, and it may make sense to integrate the two component
categories to indicate that splitting is a special case of domain reduction.

Currently, complex domain reduction functions can be configured from
atomic reduction steps by means of the MultiDRF component. We plan to pro-
vide similar composition operators in the other component categories. Imagine
a composite splitting strategy that dynamically changes from one basic splitting
strategy to another, as search progresses. Other components that we plan to
implement are:

– a box-consistency enforcer for constraints over the reals;
– domain reduction functions that take a set of constraints as a specifier and

enforce these constraints inside a single reduction step by means of well-
known propagation algorithms, such as AC-3 and AC-4;

– a domain reduction function that constrains an integer variable to count the
number of violations in a set of soft constraints. Together with the Minimize
component, this can be used to implement Max-CSP.

In addition to development of these components, in the next section we discuss
our plans for extending the framework to support efficient sequential solvers and
or-parallel search.

6 Discussion and Directions for Future Work

Many libraries, frameworks and toolkits for constraint solving exist. DICE is
an implementation of the ideas presented in [3,10], and is distinguished from
other platforms by the combination of an open-ended and inherently distributed
design.

An example of a (non-distributed) system that is open-ended in a similar
way is Figaro [8]. Also in Figaro new components for solver configuration can be
added by inheriting from abstract classes corresponding to a number of (differ-
ent) solver design dimensions. Often such systems are libraries. Inside the same
application source we may both code new solver components, and employ the
solvers constructed from these and other, readily available components. While at
some point it will be desirable to provide an API to DICE, adding new compo-
nents and using DICE for constraint solving are two distinct matters by design.
This emphasizes that DICE is intended as a workbench environment, where con-
straint solvers are configured from basic building blocks. As a consequence, the
application programmer is shielded from the Manifold system to a large extent.
Only the component programmer is aware, for example, that components should
be able to wrap themselves into Manifold units.

It could be argued that this scheme fails for components generated from a
rule-based definition of reduction operators. These will be application specific,
and should be part of the application source instead of being installed in DICE.
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A solution would be to provide a generic component, to which the rules are
submitted as a specifier.

The current framework demonstrates the effectiveness of the coordination-
based approach, but does not yield efficient solvers. The primary reason is that
communication is involved with every application of a DRF, and every node
of the search tree. On top of this, the termination detection algorithm that we
use has a considerable overhead, and a DICE solver is easily outperformed by
any sequential solver on standard combinatorial benchmarks like the n-queens
problem. Performance can already be improved by grouping CSP variables and
(using MultiDRF) DRF’s into single processes. In order to allow efficient sequen-
tial solvers to be constructed in DICE, we plan to take this one step further,
and allow an arbitrary distribution of solver components over processes.

Yet the current implementation is well suited to solve CSP’s of a distributed
nature, where not performance, but the physical distribution of the constraints is
the main issue. Imagine for example that constraints are defined by the contents
of databases, running on different machines. DRF components could be written
that query these databases to derive and enforce the constraints. Compared to
the Asynchronous Backtracking algorithm, and derived algorithms for solving
distributed CSP’s described in [12], DICE focusses on distributed constraint
propagation instead of distributed search. Even though propagation may be
running in several nodes of the search tree simultaneously, the scheduling of
nodes for propagation and subsequent splitting is a synchronous and sequential
operation, and on each path of the search tree, variables are instantiated one
after the other.

While DICE can already be applied in the area of distributed problems,
reduction of turn-around time by exploiting parallelism would be an important
additional motivation for distributed processing. The current implementation
focusses on parallelism on the level of individual reduction steps only, but in
general, a reduction step is too small to justify the overhead of coordination
from a parallelization perspective. A straightforward way to achieve larger task
granularity is to add support for or-parallel search. Search strategies that perform
propagation in multiple nodes of the search tree at the same time are already
available in DICE, but the propagation engine employs one process for each
reduction step, and multiplexes the work in different worlds, to a large extent.
One way to increase the capacity of the propagation network is to add an extra
level of coordination, and replace the DRF processes by coordinators managing
a number of DRF processes that handle the actual reduction requests in parallel.

In many cases, however, the size of the search tree will be too large to justify
even having communication involved with every node of the search tree. There-
fore support should be added for components that can autonomously explore a
part of the search space. This can be seen as a form of splitting: a full solver
can be incorporated as a splitting strategy that generates a new world for each
solution, and possibly several worlds for the parts of the search space that still
need to be explored. This way, splitting becomes a compute-intensive task, and
parallel search becomes a matter of coordinating multiple Split processes. The
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distributed constraint propagation algorithm can then be used for optimization
among the results of these parallel solvers.

Finally, DRF’s can be seen as incomplete constraint solvers. From that per-
spective, DICE is also a framework for solver cooperation. But compared to a
solver cooperation language such as BALI (see for example [11]), and the system
described in [9] the possibilities are limited: the cooperation scheme is always the
distributed fixpoint computation, and the model of constraint solving is fixed to
branch-and-prune search. However, in [10] it is explained how the distributed
propagation algorithm can be forced to apply DRF’s in a specific sequence. Also
because DICE abstracts from variable domain types, the propagation algorithm
could be used to transform problems, instead of domains of CSP variables. This
would bypass the search mechanism, and allow for a large variety of models of
constraint solving.
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Abstract. Visopt ShopFloor is a generic scheduling system for solving complex
scheduling problems. It differentiates from traditional schedulers by offering
some planning capabilities. In particular, the activities to achieve the goal are
planned dynamically during scheduling. In the paper, we give a motivation for
the integration of planning and scheduling and we describe how such
integration is realised in the scheduling engine of the Visopt ShopFloor system.

1 Introduction

Planning and scheduling are closely related areas but usually the problems from these
areas are solved separately using a different technology. The planning task is to
generate activities to achieve some goal while the scheduling task is to allocate the
known activities to available resources and time. When both tasks are included in the
real-life problem then usually the planning component generates the activities in
advance and the separate scheduling component allocates the activities to the
resources and time [18]. As we argued in [2], such separation is not appropriate if the
problem environment is more complex and if the planning decisions are strongly
influenced by the scheduling decisions (like the introduction of set-up activities with
by-products). Our proposal how to solve the problems on the edge of planning and
scheduling is based on the integration of planning and scheduling in a single solver
[3].

In [6] we described our realisation of the integrated planning and scheduling
system called Visopt ShopFloor. In this paper, we present the unique capabilities of
this system using a particular example of the problem going beyond traditional
scheduling.

The paper is organised as follows. First, we highlight the main features of the
problem area and we describe one particular benchmark problem that can be solved
by our system and that the conventional schedulers cannot handle. Then we present
the technology and the basic ideas behind the solver. The paper is concluded with the
results of the benchmark problem and we also show some results of real-life models.
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2 The Problem

Traditional scheduling deals with the problem of allocating known activities to
available resources and time. Usually, the resources are rather simple; they define a
limited capacity for processing the activities. Either we have a unary resource, where
only one activity can be processed at a time - this is sometimes called disjunctive
scheduling. Or we have a cumulative resource where more activities can be processed
in parallel provided that the resource capacity is not exceeded - this is called
cumulative scheduling. Distinction of unary and cumulative resources is important
because a resource constraint with stronger filtering can be defined for unary
resources [1]. Despite the widespread use of unary and cumulative resources in
traditional scheduling applications, neither one cares about alignment or sequencing
of activities in the resource (we explain these notions later in Section 2.1).

In addition to the resource constraints restricting the allocation of activities, the
traditional schedulers allow the definition of precedence constraints between the
activities. Usually, the activities are grouped into tasks, where a prescribed sequence
of activities must be followed. Therefore we are speaking about the task-centric
models [9,2]. Job-shop scheduling [7] is a typical example of the task-centric view of
the scheduling problem. Constraint-based scheduling [20] is more general by allowing
precedence relations between arbitrary activities but it still requires knowing the
activities in advance.

In the following sub-sections we show that the real-life problems are more
complex than the above pure schema of the scheduling problems. In particular we
give examples of the resources with more complex behaviour going beyond the
unary/cumulative classification. We also explain why a fixed task schema is not
appropriate to model some production processes. The section is concluded by a
description of an example problem that contains some of these features.

2.1 Complex Resources

Unary (machine) and cumulative (store) resources are typical representatives of
resources but in some production environments like process industries the behaviour
of resources is more complex. In particular, alignment and sequencing of activities is
important. In Visopt ShopFloor we are modelling batch production with a complex
transition scheme.

Batch production means that the activities can be processed in parallel but if two
activities overlap in time, they must start and finish at the same times. Such
overlapping activities form a batch. In addition to the capacity restriction we also
have a compatibility restriction, i.e., the activities are tagged by a type and only the
activities of the same type can be processed in parallel.

In addition to batch production we can model a complex transition scheme. The
resources are described using states and transitions between the states. At any time, a
resource is in exactly one state and the state can be changed only according to the
transition scheme. Moreover, the number of batches processed at each state can be
limited. We now give some examples how the transition scheme is used to model
behaviour of a real resource.
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Let us consider a resource with two modes of production, parallel and serial. There
is no restriction about the number of batches processed in the serial mode but exactly
three batches are processed in the parallel mode. The restricted number of batches in
the parallel mode is due to the following technological reason. Some by-product is
outputted during the parallel production and this by-product is temporarily stored
close to the machine. The temporal storage is full after three production batches and
thus a recycling batch must be processed before the production can continue.

To make the transition scheme even more complex, we can consider that from time
to time there must be a cleaning batch inserted. Moreover, cleaning cannot be done
while some by-product is stored in the resource. We discuss the rules about insertion
of the cleaning batch later in the paragraph about batch counters.

The above transition scheme can be easily described via a state transition graph
where each state is tagged by a minimum and a maximum number of batches
processed in this state (Figure 1).

Fig. 1. Behaviour of many resources can be described using states with a minimum and a
maximum number of batches per state (in brackets) and using a transition scheme between the
states (left). This transition scheme must be followed during batch sequencing (right).

The transition scheme with the minimum and the maximum number of batches per
state provides a flexible framework for modelling real-life resources. For example, it
is easy to describe a learning curve of the worker. Let us assume that the worker
needs first four batches to learn how to use the machine, i.e., duration of these batches
is longer than duration of all following batches. We allow tagging the states by
attributes, like duration and time windows, and these attributes are then applied to all
batches of the state. Thus, the above worker can be modelled via a state transition
scheme with two states: beginner and experienced (Figure 2). The batches processed
in the beginner state are longer than the batches processed in the experienced state.

Fig. 2. State transitions can describe evolution of the resource, e.g., after a sequence of batches
of given state, the resource irreversibly changes its state.

The above described transition scheme allows counting the batches of the same state.
However, in many situations the users need to count batches of different states, e.g. to
model insertion of the cleaning batch after a specified number of production batches.
Thus, in Visopt ShopFloor we introduce the concept of a general batch counter that
counts the batches across several states (Figure 3). This counter restricts further the
sequencing of batches.

beginner (4..4) experienced (1..sup)

P P P R S S
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parallel (3..3)
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roduction batches are allocated, it is not possible to plan recycling in the
planning stage.

the real-life factories, the item can be typically produced using more processing
via a parallel production when two machines run in parallel and a worker is required
 a serial production when the item is pre-processed in the first machine and then

the second machine (right).

ress the above issues, we propose to describe supplier-consumer
ies between the resources rather than to specify precedence relations
articular activities. Each supplier-consumer dependency is specified by the
and the consuming resource (and their states) and by the delay between the
e supplying batch and the start of the consuming batch. When the
y is established between two batches, the dependency describes also the
oved between the batches. Therefore a single supplying batch can be

 to more consuming batches and vice versa.
plier-consumer dependencies model naturally the item flow in the factory

ovide a declarative description of the processes in the factory. We can see
specimen for the precedence constraints that are posted when the batches of
 are introduced dynamically during scheduling (see Section 4). Figure 5
example how the user describes the processes, i.e. the supplier-consumer
ies using the graphical user interface of Visopt ShopFloor.

ig. 5. Visopt ShopFloor graphical user interface describing an item flow.

worker

machine

machine
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2.3 The Task at a Glance

The Visopt ShopFloor system concentrates primarily on the problems going beyond
traditional scheduling. Let us now summarise the task solved by the Visopt ShopFloor
by giving a particular benchmark example.

Let us consider a small factory with two machines, r1 (Figure 3) and r2 (Figure 1),
producing a single final item. These machines run either in a parallel mode or in a
serial model (Figure 4). In the parallel mode, the batches of both machines run in
parallel and a worker is required. One final item is outputted from the batch and
duration of this batch depends on the experience of the worker (see below). In the
serial mode, the machine r1 pre-processes the item (3 time units) that is finished in the
machine r2 (3 time units). There is no delay for moving the item from r1 to r2.

During the parallel production, a by-product is produced. This by-product can be
recycled only on the machine r2 and we need three by-products to get a single final
item. Recycling takes 2 time units and it must be done immediately after the three
batches of the parallel processing (Figure 1).

Both machines require cleaning after eight production batches or sooner (Figure 3)
and the cleaning must be done at the same time on both machines. At the beginning,
both machines are clean.

The worker, who is necessary for parallel processing, is a beginner. After four
production batches, the worker becomes experienced (Figure 2). The parallel
production takes 3 time units for the beginner and 2 time units for the experienced
worker. Moreover, the worker is available only in the following time windows (0..10),
(30..40), (60..70).

The task is to plan/schedule production starting from time 0 in such a way that 5
final items are ready in time 20 and additional 25 items are ready in time 100.

As we can see from the above example the goal of the system is to find out the
batches that are necessary to satisfy the demands (planning) and to allocate these
batches to available resources (scheduling). A plan/schedule for a given time period is
returned to the user.

In this paper we discuss only feasibility issues, but the Visopt ShopFloor does
optimisation based on cost as well. The conventional schedulers use some objective
function like makespan, tardiness, or earliness to define quality of the schedule.
However, in real-life environment the schedule quality is usually subjective,
evaluated by the plant persons. To model these subjective criteria we use the cost
parameters attached to batches, transitions, dependencies etc. The total cost is then
used to guide scheduling, for details see [6].

3 The Technology

Traditional scheduling technology is either based on special scheduling algorithms [7]
or some general schema like constraint-based scheduling [20] is applied. If the
activities are known in advance then it is quite natural to model the scheduling
problem as a constraint satisfaction problem (CSP). However if the planning
component is present then the static approach is hardly applicable due to variability of
possible plans [16]. Some approaches try to fit the planning problem into the static
concept of CSP via dummy activities [8,17] but it works only when the planning
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branching does not lead to many different structures of the plan. Other researchers
propose to use some generalised concept of CSP that provide more dynamic features
like Dynamic CSP [14] or Structural CSP [15].

In the Visopt ShopFloor system, we solve the scheduling problems where the
appearance of the activity depends on allocation of other activities. In terms of CSP it
means that the existence of some variables and constraints depends on assigning a
value to another variable. Moreover, the variable/constraint disappears from the
system only when the original assignment is withdrawn, i.e., during backtracking.
Having this in mind we decided to use the existing technology of Constraint Logic
Programming (CLP) in the way this framework was originally defined [10], i.e., the
constraints are used to reduce the search space of the logic program.

Opposite to the standard CSP technique (i.e., define the variables and the
constraints first and then do labelling) we propose to interleave the labelling stage
with the introduction of new variables and constraints. Basically, it means that we
model the planning decisions (branching) using the disjunctive constraints
(constructive disjunction). When some element of the disjunction is selected then the
system automatically introduces other variables and constraints corresponding to the
selected planning branch. This gives us the freedom to define different sets of
variables and constraints in different branches of the search tree, i.e., to explore
different plans. Thus planning decisions are resolved during scheduling.

4 The Solver

The Visopt ShopFloor system consists of two independent parts: the ShopFloor
graphical modelling environment and the scheduling engine (see Figure 6).

In the ShopFloor, the user specifies completely the problem to be solved. In
particular he or she describes the available resources, i.e., their states and transitions,
the item flow, i.e., the supplier-consumer dependencies (see Figure 5), and the
customer orders (demands). Data can be entered and modified manually or they can
be extracted automatically from the databases of ERP systems. The ShopFloor
module generates the problem description in the form of a text file called a factory
model that is passed to the solver.

The factory model contains a complete description of the problem (resources,
dependencies, and orders) in a human readable form. It means that the factory model
can be explored, prepared, and modified in an arbitrary text editor. This file is the
only input to the scheduling engine.

The scheduling engine (the solver) first generates a constraint model from data
(from the factory model) and then it searches for the solution. The solver has a
modular architecture so it is possible to add a new module describing a new type of
resource. Also, the search strategy is a separate module so it can be exchanged by a
new strategy. The scheduling engine returns the plan/schedule into the ShopFloor that
displays it in the form of a Gantt chart.
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Fig. 6. The Visopt ShopFloor system architecture consists of two independent modules: the
graphical modelling environment (left) and the scheduling engine (right).

4.1 The Constraint Model

The traditional static constraint models are defined by the set of variables, their
domains, and by the set of constraints restricting possible combinations of values. As
we discussed in Section 3, we need a more dynamic approach to CSP, namely, the
variables and the constraints are introduced as search progresses. There exist some
static approaches to overcome difficulties with the unknown set of
variables/constraints based on dummy variables and deactivated constraints [8,17].
Unfortunately, such approaches lead to huge models so they cannot be used to model
the problem completely statically. Nevertheless, we use the dummy variables partially
to do look-ahead for planning decisions (via constructive disjunction, see Section 3)
and to realise the idea of active decision postponement [11].

The constraint model in the Visopt solver is a piece of code responsible for
introduction of variables and constraints. The basic idea is as follows: at the
beginning we introduce only the objects that are known, i.e., the customer orders. As
these customer orders should be satisfied, we also start dependencies to the resources
that can produce the ordered items. When the actual supplier is found (this is usually
decided during labelling), we need to find suppliers for this supplier etc. To
summarise it: if there is a planning decision, i.e. the decision about what objects
should be part of the plan/schedule, we introduce all of them (via dependencies).
Together with these objects, the relevant constraints are posted so we can exploit the
power of constraint propagation. Let us now describe some details about what
variables and what constraints are used.

The Slot Representation
Opposite to most scheduling systems that use the task-centric model of the problem,
we decided to apply the resource-centric model because it simplifies modelling of the
complex transition schemes [2]. It means that the batches are grouped per resource
rather than per task. Of course, we do not know the batches in the resource at the
beginning so we use a chain of empty slots to represent the schedule for each
resource. Opposite to the slots used in the timetabling applications, the slots in our

Constraint model
� generating variables
� introducing constraints

Search strategy
� assigning values
� (branching)

resource

Search strategy
� assigning values
� (branching)

Search strategy
� assigning values
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resource

GUI Solver
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system may slide in time and they may have variable duration. The only restriction is
that the ordering of slots must be preserved (due to the transition constraints).

Each slot has some attributes like the start time, the end time, and the duration
represented as finite domain variables. Also, there is a special variable describing the
type of the batch (the state) that can be filled in the slot. When this state variable
becomes a singleton we know the batch in the slot - we say that the slot is filled by the
batch. This may introduce other variables that are specific for the particular batch, e.g.
quantities of consumed and produced items. Naturally, all the slot variables are
connected via constraints describing the time windows etc. and these constraints can
be posted even if the batch in the slot is not known yet. Moreover, there can be also
constraints between the neighbouring slots to describe the transition scheme.

To model the minimum and the maximum batches per state we introduce a special
variable called a serial number that "counts" the batches of the same state. This
variable participates in the transition constraints so it may force the state change when
the maximum number of batches is reached or it may forbid the state change when the
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Dependencies
The slots of different resources are connected via dependencies modelling the
supplier-consumer relations. Because the dependency is closely related to the item we
cannot introduce the dependency until we know the item and its quantity. As
described in the previous section, the variable specifying the item quantity is
generated as soon as we know the batch - the state - in the slot. At the same time we
can start the dependencies from the given slot.

Assume that we have an input item defined for the batch in the slot. Dependencies
should connect this batch with all the supplying batches. It is possible to post the
dependency to every slot that can be filled by the supplying batch. However, this
eager method has huge memory consumption when applied to large-scale problems
with hundreds or thousands of slots. Thus, we use a more lazy method that posts a
minimal number of dependencies covering the required quantity. Typically, these
dependencies go to the first "free" slot of every possible supplying resource. If we
find later that the slot cannot be filled by the supplying batch then we move the
dependency to the next slot and so on (see Figure 8). This is realised by setting the
quantity in the dependency to zero (so the constraint connecting the slot times
"evaporates") and by introducing a new dependency going to the next slot. If no
supplying batch is found in the resource then the dependency to the resource is finally
made empty and the supplying batch must be found in another resource. Other
dependencies can be introduced as soon as we find that the dependencies generated so
far are not enough to cover the requested quantity (e.g. because some of them have
been made empty).

Fig. 8. The dependency generator introduces the dependencies to the first possible slot (from
left) of each candidate supplier. If the slot is not dependent (�) then the dependency is moved
to the next free slot etc.

For each slot, the system maintains the links to all non-empty dependencies going to
this slot. These links are used during scheduling for decision about which batch will
be filled in the slot (see Section 4.2). Of course, we also know all the dependencies
going to a particular resource so we can post special ordering constraints between the
dependencies [12]. Because, every dependency defines a demand for one batch, these
constraints decide about the ordering of the batches in the resource. Note finally that
these global constraints must be open to accept incoming batches [4].

4.2 The Search Strategy

The Visopt constraint model is responsible for introduction of all variables and all
constraints. The scheduling strategy then decides about the batches in the slots and
about the connections between the slots. Recall that the slots are introduced from left
to right and the dependencies are started first from the orders. Thus, the labelling
procedure must be aware of this ordering.

Possible supplying batches

Consumer
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In the Visopt scheduling engine, we are closing the slots (decide about the batch
types in the slots) in slices going from left (past) to right (future). We call processing
the slice a scheduling step. The decision whether the slot belongs to the slice or not is
done using the time variables in the slot. In the slice, the slots are closed in the order-
to-purchase ordering.

When the slot is selected, the second problem is which batch should be filled in the
slot. This decision is naturally based on the dependencies going to the slot. The
labelling strategy first selects the "best" dependencies and then it connects them to the
slot. This is done via setting the quantity variable in the dependency to be greater than
zero (the maximum value is tried first). The relation "better" between the
dependencies is defined using the time of the dependency (the earliest time is
preferred), using the cost information (the smallest cost is preferred), and using other
heuristic criteri
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5 The Results

The Visopt ShopFloor scheduling engine is completely implemented in SICStus
Prolog (currently we use the version 3.8.7). It has been tested in several pilot projects
in one of the biggest chemical enterprises in Europe, in one of the biggest and famous
candy producers in The Netherlands, and in one of the biggest dairies in Israel among
others. We are not aware of any other scheduling system that can model and solve the
problems described in this paper, so we cannot compare our solver to existing
schedulers. In this section we first show the plans produced by our solver for the
problem from Section 2.3 and then we summarise the results of some real-life models.

The problem from Section 2.3 requires both planning, i.e., deciding which batches
are necessary to satisfy the demands, and scheduling, i.e., allocating the batches to
available resources. Recall, that there are three different ways of producing the final
item, namely parallel production, serial production, and recycling. Moreover, there is
a complex transition scheme describing the resource including insertion of a cleaning
batch after a specified number of the production batches. Last but not least, there is a
worker that influences the timing of the parallel production.

Figure 10 shows a Gantt chart of the plan produced by our solver (3 seconds on
1.7 GHz Mobile Pentium 4). We can see that this plan satisfies all the production
rules, in particular using the recycling and the cleaning batches. Also the duration of
the parallel batches decreases when the worker became experienced (roughly at time
35).

Fig. 10. The Gantt chart of the plan for the problem from Section 2.3

We have relaxed the restriction about parallel cleaning for both machines to see if the
production can be more efficient. Figure 11 shows that the resulting plan is shorter
because the cleaning batches can be scheduled asynchronously (planning took 3
seconds on 1.7 GHz Mobile Pentium 4).

Fig. 11. The Gantt chart of the plan for the problem from Section 2.3 where the cleaning is
asynchronous.

cleaning

parallel with recycling

cleaning
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To show the size and the complexity of the real-life problems we have prepared a
summary of some pilot problems solved by the Visopt ShopFloor system. These test
problems are based on the real-life production lines so the actual models and the plans
are confidential. Thus we can present only some global parameters of the models. In
particular, Table 1 shows the model size and the runtime results. For each model we
include the number of resources, the total number of states in the resources, the
number of orders together with the ordered quantity, the number of items, and
duration of the scheduled period. The ordered quantity corresponds roughly to the size
of domains of the quantity variables - we track every quantity unit in the production.
The schedule duration corresponds to the size of the domains for the time variables -
it shows the resolution of scheduling (e.g. 10.080 time units means a one week
production with a minute resolution). The solution is characterised by the runtime and
by the solution size measured in the number of batches and in the number of
dependencies.

Table 1. Model and solution size for some test problems. Runtime is measured in seconds on a
Mobile Pentium 4 1.7 GHz.

model solution
res. states orders

# / quantity
items duration

time units
runtime

sec.
batches dependencies

1 19 334 1 / 144000 47 10080 105 1000 1441
2 28 115 1 /  50 34 8640 79 256 310
3 22 677 9 / 7600 56 3168 40 651 898
4 57 704 256 /196748 45 840 77 990 1428
5 34 574 45 / 88485 294 11520 2339 5807 10175

For comparison, the state of the art schedulers handle about 20.000 batches [personal
communication to Wim Nuijten from ILOG] but all these batches are known in
advance. In planning, the size of plans is measured in tens of actions [13]. As Table 2
shows we can handle problems with hundreds to thousands batches. However, when
the number of batches increases, the large memory consumption becomes a limitation.
Thus in the model 5 there is a trade off between the memory consumption and the
runtime. This observation confirms our claim that such problems cannot be handled in
a fully static way using the dummy activities because then the memory consumption
becomes critical.

To summarise the results, we can handle problems much larger than the traditional
planning problems and close to the size of the problems in conventional static
scheduling. Recall that the input to the Visopt engine consists of the model of the
factory and the list of demands. All the batches are introduced (planned) during the
problem solving and allocated to the resources (scheduling). Thus, we are basically
solving a (limited) planning problem under time and resource constraints. Moreover,
our system can handle more complex resource constraints (a transition scheme) and
resource dependencies (recycling, many-to-many relations etc.) than the conventional
schedulers can.
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6 Conclusion

In this paper we described the heart of the Visopt ShopFloor system - the scheduling
engine. The integrated planning component is the main difference of our system from
the conventional schedulers. We are not aware of any other system doing such deep
integration so it is hard to compare Visopt to existing systems. As we showed in
Section 2, the planning component provides flexibility that cannot be reached by
conventional scheduling software. The unique features of Visopt, which the other
scheduling systems cannot cover, include modelling of complex transition schemes
for resources, modelling of an arbitrary dependency structure of the factory,
modelling of set-ups, cleaning, and maintenance including by-products, and
modelling of process and item alternatives. Moreover, Visopt ShopFloor attempts to
be a general scheduler where the customer describes the problem in a declarative way
and the system generates schedules automatically. Other scheduling software is either
provided as a toolkit  (e.g. ILOG Scheduler), so the particular scheduler must be
programmed using this toolkit, or the software solves a particular scheduling problem
but it cannot be extended to other problem areas. Opposite to these systems, Visopt
ShopFloor [22] provides intuitive graphical modelling environment independent of
the solver, generality covering many scheduling problems, and extendibility via
adding new types of resources.
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